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Introduction

Reactive systems consist of several components which continuously interact with each other
(and, most of the time, do not terminate). In the most basic case such a system would consist
of two components, namely a controller program and its environment.

Example 0.1.

1. Signal-box:
Controller program vs. Railway service (environment)

2. Operating system:
Operating system program vs. User (environment)

X

A reactive system is modeled by a two-player-game - Player 0 (she) vs. Player 1 (he). Infinite
games are generated by alternate actions which do not need to be strictly rotational.

In order to decide on a winner, a winning condition for infinite games needs to be formu-
lated (e.g. for Player 0). It’s the goal of Player 0 to construct a winning strategy which, for
every possible course of actions by Player 1, results in fulfilling the winning condition, and
therefore in winning the game for Player 0.

Example 0.2. Modeling of an elevator control for 10 levels

Player 0: Elevator control
Player 1: User
The system state is described by the following properties:

1. A set of level numbers that are requested by pushing a button (either on the re-
spective floor or in the elevator). This set is represented by a bitvector (by, ..., b1o)
(with b; = 1 < level ¢ is requested.)

2. A level number for the position of the elevator (i € {1,...,10}).

3. An indicator which (0[1) shows whose turn it is.

State space: Let B = {0,1}. The state space of the system is
Z=1B" x {1,...,10} x {0,1}.

We note: |Z| = 20000 states
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Transitions: We define two different kinds of transition. They lead from the 0-states, where
it is the turn of Player 0 (elevator controller), to 1-states, where it is the users turn,

and vice versa.
Player 0 Player 1

door closes, elevator moves,
b/ / -/ 1
- 1-.--010,2,

delivers people

with i # i, b, = 0,0} = b; for j # 7/

. users / / ;
bl,---,bI[)yZyl - bl...blo,l,o

push buttons

Player 0

Player 1
with b; < b’ for every j € {1,...,10}.
State space and transitions define the so called “system graph” or “game graph”.

Examples for winning conditions:

1. Every requested floor is served at some time.

2. The elevator does not skip requested floors (b; = 1 ~» b; = 0), except on the way
to level 10 (on the way to the top management :-)

3. On the way to level 10 the elevator stops at most one time.

4. The elevator always returns to level 1.

Important questions that need to be answered during the course of this lecture are:

e Can any controller program fulfill all demands? (Then we would have an implementation
of a winning strategy.)

e Does a finite memory suffice and how large does it have to be?

e Can we automatically derive a controller program from the system graph and the win-
ning conditions?



Chapter 1

Omega-Automata: Introduction

1.1 Terminology

by denotes a finite alphabet.

B ={0,1} is the Boolean alphabet.

a,b,c, ... stand for letters of an alphabet.

3 is the set of finite words over .

U, V, W, ... stand for finite words.

€ is the empty word.

Yt =3%*\{e} is the set of non-empty words over 3.

a, 8,7, ... denote w-words or infinite words where an w-word
over ¥ is a sequence « = a(0)a(1)... with a(i) € X for all i € N.

P g is the set of infinite words over X.

e =¥ruXv

UV, W,... denote sets of finite words (x-languages) C ¥*.

K, L M,... denote sets of infinite words (w-languages) C X¥.

We write u - v or simply wv for the concatenation of the words w and v. Similarly, the
concatenation of the word u and the w-word « is the w-word ua.
The concatenation of two languages is defined likewise:

UV = {w|uelUveV}
U-L = {ua|ueUaclL}

We consider three different transitions from a language U C ¥* to an w-language, namely to
U-¥“ UY and limU.

1. U-2¥:={aeX¥|a=uf withueU/pe3X¥}

Visualization:
eU
arbitrary

! @
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Example 1.1. Let U; = 0110* + (00)". We obtain

Uy - X% ={a € X¥| a starts with 00 or 011}

X
2. U¥:={a €| a=uuusy... with u; € U}
Visualization:
cU
eU cy €U
(0%
Notice that UY = (U \ {e})¥
Example 1.2. Let ¥ =B, U is given by the regular expression
0110* + 00
Then U* contains the word
a = 0001100110000000. ..
Another word in U¥
« = 01100110001100001 ...
X

3. imU (or U) := {a € £¥| there exist infinitely many i with a(0)...a(i) € U}.

The expression “there exist infinitely many ¢ with «(0)...«(i) € U” can also be written
in short as “3“i «[0,:] € U”, where afi, j] = a(i) ... a(j).

ZU

Example 1.3. Claim: lim U; contains just the two w-words 0110000. .. (in short 0110¥) and
0000000. .. (in short 0v).

The word 0110% is an element of lim Uy, since 011,0110,011000, --- € U;. The word 0¥ is
an element of lim Uy, since 00,0000, 000000, - - - € Uj.

Now, let a € lim Uy, i.e. there exist infinitely many a-prefixes in U;. Now look for the
first a-prefix v in Uj.

Visualization:

Case 1: v = (011. Then all longer prefixes in U; have to be of the form 0110*, thus o = 0110%.
Case 2: v = 00. Then every extension of v in Uy has to be of the form (00)*, thus o = 0%.

X
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1.2 Bichi Automata

Definition 1.4. A Biichi automaton (to put it more precisely, a finite Biichi automaton) is
of the form
2l = (Q727q075 or A7F)

with a finite set of states @, input alphabet 3, initial state go € @, a deterministic (and hence
complete) transition function § : Q x ¥ — @ or a transition relation A C @ x X x @, and a
set of final states F'. In the case of § we have a deterministic Biichi automaton, in the case of
A a nondeterministic Bichi automaton.

Definition 1.5. (Run of a Biichi Automaton)

1. Let 2= (Q, X%, g0, A, F) be a nondeterministic Biichi automaton.

A run of 2 on «v is a sequence of states p = p(0)p(1) - - - with p(0) = go and (p(i), (%), p(i+
1)) € A fori > 0.

2. Let A = (Q,%, qo,0, F) be a deterministic Biichi automaton. As it is usual, we expand
J to §* : @ x ¥* — @ by adding §*(q,€) = g and 6*(q, aw) = §*((q,a), w).

The unambiguous run of 20 on « is the sequence of states p with p(0) = qo, p(1) =
d(go, (0)), p(2) = 0*(qo, @(0)a(1)), in general p(i) = 6*(qo, @(0) ... (i — 1)).

Deterministic Biichi automata can be seen as special cases of nondeterministic ones where
(p,a,q) € A < d(p,a) = q. To simplify our notation, we just write A = (Q, X, qo, A, F') for
a Biichi automaton if we don’t care whether it is deterministic or not, and just speak of a
Biichi automaton in this case.

Example 1.6. Given the following automaton 2y:

ab b g4
o

T qo b
x b
q2
-
with F' = {q1, g3} and the w-word a = abbaabababa . .., some of the possible runs of 2y on «
are:
a b b a a b a b a b ...

q0 q0 do do q0 q0 q0 q2 q3 az q3...

q0 q0 qo0 qo0 q1 q1 q4 q4 q4 q4 qs - - .

q0 q0 q0 q0 q0 q2 q3 q2 q3 q2 q3.---

Definition 1.7. Let 2 = (@, X, qo, A, F') be a Biichi automaton. We say, that

2 accepts a < ex. arun p of A on o with 34 p(i) € F.

Notice, that, for a deterministic Biichi automaton, the unambiguous run p has to fulfill
this condition.
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Definition 1.8. Let 2l = (Q, X, qo, A, F') be a Biichi automaton. Then
L) ={a e X¥|A accepts a}

is the w-language recognized by 2. An w-language L C X% is Biichi recognizable (deter-
ministically Biichi recognizable), if a corresponding Biichi automaton (deterministic Biichi
automaton) 2 with L = L(2l) exists.

Example 1.9. Let 2y be the nondeterministic Biichi automaton over ¥ = {a, b} as defined
in example 1.6.
L) = {aeX¥| from some point in o onwards, there is only the letter a
or the sequence ab }.

1.3 Elementary Constructions of Omega-Automata

We will now, for the case of U C ¥* being regular, specify w-automata for the w-languages
U% and limU.

Theorem 1.10. U C X* is reqular = a) U¥ is Biichi recognizable
b) im U is deterministically Biichi recognizable

Proof
a) Consider an NFA 20 = (Q, X, qo, A, F') that recognizes U.

Idea: Instead of a transition to F', allow a return to gg and declare gy as a final state.
But there will be a problem with this idea if a return to ¢g is already allowed in the
original NFA.

Preparation: Transform 2 into a standardized NFA 2’ that has no transitions to the
initial state.

Construction: Introduce a new initial state ¢(, and add a transition (g;, a, q) for every
transition (qo, a, ¢). The final states remain untouched. But if g¢ is a final state, add g,
to F.

The construction of the Biichi automaton for U“ for a given standardized NFA 2 =
(Q,3,q0, A, F) is done in two steps:
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e For every ¢’ € F replace every transition (g, a,q’) with a new transition (g, a, qo).

e Fix the set of final states of the Biichi automaton to {go}.

We thereby obtain the Biichi automaton B. The automaton B accepts o < (+4) there
exists a run of B on « that enters gg infinitely often, e.g. after the segments ug, u1, . ...
According to the construction, u; € U holds and therefore oo € U¥.

Conversely, let o € U¥, o0 = ugujus ... with u; € U. Then 2 : g9 — F holds and
according to the construction 8 : qq 1, go. Thus there exists a run that fits (+), and
consequently B accepts the w-word a.

b) Let U be recognized by the DFA 21 = (Q, >, qo,0, F') . Use 2 as a deterministic Biichi
automaton, now called ‘B.

B accepts « L The unambiguous run of 8 on « enters F' infinitely often.
<= ¥ : A reaches a state in F' after a(0)...«a(7)
< F¥i: «0)...a(i) € U (according to the def. of 2A)
— a€limU

g

Note that the converse of Theorem 1.10(b) also holds. Every w-language recognized by a
deterministic Biichi automaton is of the form lim U for a regular language U.

Theorem 1.11. There is an w-language which is Biichi recognizable but not recognizable by
any deterministic Biichi automaton.

Proof Consider the language
L = {o € B* | from some point in o onwards only zeros},
thus L = (0 + 1)*0“. A matching automaton could look like this:
0,1 0

Co (o)

0

Assume: L is recognized by det. Biichi Automata A = (Q, %, qo, 0, F') . Then the following
holds:

2 on 0% infinitely often enters final states, after 0™ for the first time. 2 on 0”10 infinitely
often enters final states, before the last 1 for the first time, and after processing 0™ 10"2 a
second time. 2 on 0™ 10™210% infinitely often enters final states, before the last 1 for the first
time, before the second 1 a second time, and a third time after processing 0™ 10™210"3.

Continuing this we obtain an w-word 0™10"210™310™ ... which causes 2 to enter final
states after each 0-block. %A therefore accepts this w-word, although it contains infinitely
many 1s. Contradiction. d
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1.4 Characterization of Biichi Recognizable Omega-Languages

Theorem 1.12. (Characterization of the Biichi recognizable w-languages) L C X% is Biichi
recognizable < L has a description of the form of

L=JUi V¥ with Uy, VA,...,Upn, Vi C =" regular.
=0

Proof

<« It suffices to show:

1. U C ¥* regular = U Biichi recognizable.
2. U C ¥* regular, K C >* Biichi recognizable = U - K Biichi recognizable.
3. L1, Ly C X* Biichi recognizable = L; U Lo Biichi recognizable.

For 1: Use Theorem 1.10(a).

For 2: Let A = (Q, %, qo, A, F) be an NFA, which recognizes the language U, and let
A = (Q, %, q), A’, F') be a Biichi automaton, which recognizes the language K. Now,
construct a Biichi automaton B = (QWQ’, X, qo, A, F’) for U - K, where Ay contains,
in addition to the transitions of A and A’, the following:

e for every transition (p, a,q) with ¢ € F the transition (p, a, ¢3)
e if gy € F, for every transition (q),a,q’) € A’ the transition (qo, a,q’).

For 3: Merge the Biichi automata 2 = (Q, X, qo, A, F) and A’ = (Q', X, ¢{,, A', F') into a
single automaton B = (QUQ’, %, qo, A, F'), where Ag contains all transitions of A, A/,
as well as (qo, a,q') for (¢),a,q’) € A’. In doing so, we assume w.l.o.g. that there are
no transitions to gg in 2.

= Let A = (Q, %, qo, A, F') be a Biichi automaton. Set 2,y = (Q,%,q, A, {¢'}). Let Uyy C
¥* be the language that is recognized by the NFA 2l,,. Notice that, consequently, U,y

is regular.
A accepts a < ex. ¢ € F which makes a segmentation of « into a@ = ugujusg ..., with
ug € Ugyq, u1 € Ugq, u2 € Uyq, ..., possible. Therefore the following holds.

2 accepts a & ex. ¢ € F with a € Uyyq - Uy & a € U Usgog - Ugq
qeF
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Definition 1.13. An w-regular expressions is of the form risf + --- + r,s% with standard
regular expressions 71, 1, ..., n, Sn-

The meaning (semantics) of those expressions is defined in a manner analogous to standard
regular expressions. We of course stipulate that for an expression s, which defines the language
U C ¥*, the expression s* defines the w-language U*.

Example 1.14.  Biichi automaton: Defining w-regular expression:
a,b /
¢ (4 B)*a® + (a + b)*(ab)*
a
q2

b

— 9

From Theorem 1.12 we obtain:

a

Corollary 1.15. An w-language is Biichi recognizable iff it can be defined by an w-regqular
exTPTession.

Definition 1.16. An w-language L is called regular if it is definable by an w-regular expression
(or if it is nondeterministically Biichi recognizable).

Remark 1.17.

a) Every nonempty reqular w-language contains an w-word which is eventually periodic (in
the form uvvvvv ..., with u,v finite).

b) A set {a} with exactly one element is reqular < « eventually periodic.

Proof

a) Let L = J", U;V¥ be regular and nonempty. Then, for a suitable i, U; - V;* # 0 holds.
Therefore there are words u € U;,v € V; with v # €. So wvvv... € L is eventually
periodic.

b) “=" is clear because of a)
“<” Let « = wvvvv.... Then {a} = {u} - {v}¥ holds, where {u} and {v} are regular.

g

Theorem 1.18. (Nonemptiness Problem) The nonemptiness Problem for Biichi automata
(with state set Q and transition relation A) is solvable in time O(|Q| + |Al).

Proof Let A = (Q, %, g0, A, F) be a Biichi automaton. Define E = {(p,q) € Q@ X Q | Ja €
¥ :(p,a,q) € A} and call G := (Q, E) the transition graph of 2.

Therefore L(2() # (0 iff in the transition graph there is a path from gg to a final state g,
from which there is a path back to q.

This is the case iff in the transition graph of 2 there is a strongly connected component
(SCC) C such that C contains a final state and is reachable by a path from gq.
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Nonemptiness test

1. Apply depth-first search from ¢y in order to determine the set @)y of states reachable
from qq.

2. Apply Tarjan’s SCC-algorithm to list all SCC’s over (g, and check each SCC for the
containment of a final state.

3. If such an SCC is encountered, answer L(2() # (), otherwise L(2) = (.

Items 1 and 2 require both time O(|Q| + |A|). (For details turn to CORMEN, LEISERSON,
RIVEST: Introduction to Algorithms.) O

1.5 Closure Properties of Biichi Recognizable Omega-Languages

We showed (in the exercises) that the union L; U Ly of two Biichi recognizable w-languages
L1, Ly is in turn Biichi recognizable.
We will now verify closure under intersection:

Theorem 1.19. The intersection Ly N Lo of two Biichi recognizable w-languages Ly, Ly is
again Biichi recognizable.

Proof Assume L; is recognized by the Biichi automaton 2; = (Q;, X, gio, A, F;) for i = 1, 2.
First Idea: Form the product automaton

(Q1 x Q2,%,(q10,920), A, F1 X F)

where ((p,q),a, (p',¢)) € Aiff (p,a,p’) € Ay and (¢, a,q') € Az.

Problem: We cannot assume that the final states in the two runs of 20,2y are visited
simultaneously

Solution: Repeatedly do the following steps

1. Wait for a final state p € F} in the first component.
2. When a p € F} is encountered, wait for a final state ¢ € I in the second component.
3. When a g € F5 is encountered, signal “cycle completed“ and go back to 1.

Hence work with the state space Q1 x Q2 x {1,2,3}.
Form the refined product automaton

A= (Q1 x Q2 x{1,2,3},%, (q10,g20, 1), A", Q1 X Q2 x 3)
with the following transitions in A’ in each case assuming (p, a,p’) € A1 and (q,a,q") € As:
o ((p,q,1),a,(p,q, 1)) if p' & F
o ((pg,1),a,(p,q,2)ifp' € Iy

L ((pu q, 2),(17 (p,)q,aQ)) if q/ g F2
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e ((n,q,2),a,(p',¢,3)) if ¢ € F5
e ((p.q,3),a,(p',q,1)

Then a run of 2 simulates two runs p; of 2y and p2 of As: It has infinitely often 3 in the
third component iff p; visits infinitely often F} and po infinitely often F5.
O

Note that up to now we do not know a general construction for the complement of a Biichi
recognizable language.

1.6 Generalized Biuchi Automata

Definition 1.20. (Generalized Biichi Automaton) A generalized Biichi automaton is of the
form A = (Q, X, qo, A, Fi,. .., Fy) with final state sets Fi,..., Fr € . A run is successful if
the automaton visits each of the sets F; (i.e. the automaton enters a state in each F;) infinitely
often.

Remark 1.21. For any generalized Biichi automaton one can construct an equivalent Biichi
automaton.

We will first give a proof idea before dealing with the exact construction: Work with the state
set @ x{1,...,k,k+1}. Fori,..., k astate (¢,7) means “wait for visit to F;”. After visiting
F}, proceed to i = k+ 1 (“cycle completed”) and go back to i = 1. Consequently, declare
Q x {k + 1} as the set of final states.

Proof (Detailed construction)
Given a generalized Biichi automaton 2% = (Q, X, qo, A, F1, ..., Fk), construct the Biichi
automaton

A =(Qx{L,....k+1},%,(q,1),A", Q x {k +1})
with the following transitions in A’ (assuming that (p,a,q) € A):

e ((p,i),a,(q,1)),ifi <k and g ¢ F;
e ((p,i),a,(q,i+1)),if i <k and q € F;

e ((p,k+1),a,(q,1))

1.7 Exercises

Exercise 1.1. Specify Biichi automata, which recognize the following w-languages over ¥ =
{a,b,c}:

(a) The set of @ € 3¢, in which abc appears as an infix at least once.

(b) The set of o € ¥, in which abc appears as an infix infinitely often.



12 CHAPTER 1. OMEGA-AUTOMATA: INTRODUCTION

(c) The set of @ € ¥¢, in which abc appears as an infix only finitely often.
Exercise 1.2. Find w-regular expressions, which define the w-languages in Exercise 1.1.

Exercise 1.3. Let the NFA A recognize the language U C ¥*. Verify both inclusions of the
equation L(A) =limU.

Exercise 1.4. Prove or disprove the following equations (for U,V C ¥ 1):

(a) (UUV)¥=U“UV¥

(b) Iim(UUV) =limU UlimV
(c) U¥ = 11m(U+)

(d) im(U-V)=U-V¥

Exercise 1.5. Consider the w-language L over ¥ = {a, b} which is defined by the w-regular
expression (a + b)*a* + (a + b)*(ab)¥. (see Example 1.14). Show that L cannot be described
in the form U - V¥, with U,V C ¥* regular (therefore one needs the union operation in order
to generate all Biichi recognizable w-languages).

Hint: Assume that L is of the form U - V* and consider the words in V.

Exercise 1.6. Let L, Ly be the w-languages recognized by Biichi automata A; = (Q1, X, qo, A1, F1)
and As = (Q2,%, qo, A, F»), respectively. Show (using some necessary assumptions on the
structure of A; and Ay) that the language L; U Lo is again Biichi recognizable by

(a) constructing a Biichi automaton B; with state set Q1 U Q2, but without e-transitions,
that accepts L1 U Lo.

(b) constructing a product Biichi automaton By with state set Q1 x Q2 accepting Lj U Lo.
Show in particular how to combine the Biichi acceptance conditions of both automata A
and Aj into a single one for Bs.

Exercise 1.7. Given the following Biichi automata,

Ar - @1 @ A

1,2,3 1,2,3

specify w-regular expressions which define the w-languages that are recognized by A, and As.

Exercise 1.8. Investigate the following question (whose answer is yet to be found): Is there
an algorithm that, for a given Biichi automata .4 over the alphabet X, decides whether L(.A)
is of the form U® for a regular language U C ¥*7



Chapter 2

Temporal Logic and Model
Checking

In this chapter we are going to discuss an automata theoretic approach to the model checking
problem. The theory of Biichi automata, which we treated in the last chapter, will serve us
in two ways:

On the one hand, Biichi automata obviously represent a model for systems with infinite
runs. Such systems can be modeled by Biichi automata which have accepting runs only,
i.e. every state is a final state.

On the other hand, Biichi automata can be used to specify properties and constraints for
infinite state sequences, since they can be encoded by w-words. For our purposes we need a
logical language which can specify systems and be translated into Biichi automata as well.

Hence the model checking problem can be reduced to comparing two Biichi automata.
This is where we will be using methods from the previous chapter.

2.1 The Model-Checking Problem and Sequence Properties

Starting the technical treatment, we will first recall the informal formulation of the model-
checking problem from the introduction:

Given a system Sys and a specification Spec on the runs of the system, decide
whether Sys satisfies Spec.

There was an early example for this problem in the first lecture:

Example 2.1. Sys = MUX (Mutual exclusion) protocol, modeled by a transition system
over the state-space B°.

Process 1: Repeat

00: non-critical section 1
01: wait unless turn = 0
10: critical section 1

11: turn := 1

Process 2: Repeat

00: non-critical section 2
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01: wait unless turn = 1
10: critical section 2
11: turn := 0

A state is a bit-vector (line no. of process 1, line no. of process 2, value of turn). The
system starts with the initial state (00000).

Spec = “a state (1010b) is never reached”, and “always when a state (01bcd) is reached,
then later a state (100'c’d’) is reached” (similarly for states (bc01d), (b'c’10d)). X

This example is going to be used to introduce transition systems and system specification.
After that, we will develop the general approach as follows:

1. Kripke structures as system models: Kripke structures provide a mathematical
framework for transition systems. Their states give information about the properties of
a system.

2. Simple specifications: We are going to model a simple example using Kripke struc-
tures and common language. Doing so we will see the need for a formal system specifi-
cation language.

3. Linear-time temporal logic LTL is the logic we choose to set system constraints. It
will enable us to express grammatical operators of common language.

4. The automata theoretic approach to model-checking: Having introduced the
necessary tools we will sketch a way to solve the model-checking problem using (Biichi)
automata theory.

5. Translation of temporal logic formulas to Biichi automata: At this stage we
will lack just one method: bridging the gap between LTL and Biichi automata.

2.2 Kripke Structures

Kripke structures are a general framework for the case where state properties p1,...,p, are
considered.

Definition 2.2. A Kripke structure over p1,...,p, has the form M = (S, R, \) with
e a finite set S of “states”
e a “tramsition relation” R C S x S

e a “labeling function” A : § — 2{P1Pn} agsociating with s € S the set of those p; which
are assumed true in s

Usually we write a value A(s) as a bit vector (by,...,b,) with b; = 1 iff p; € A(s).
In a pointed Kripke structure, a state s is declared as initial; we write (M, s). All runs
start in s.

Example 2.3. (MUX Protocol) State space: S = B°. We use the state properties

e p1, po for “being in wait instruction before the critical section of P, or P» respectively”,
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e p3,py for “being in critical section of Pj, respectively P»”.

The transition relation R is as defined by the transitions of the protocol. Example value of
the label function: A\(01101) = {p1,ps} [= (10010)]. X

We have another example which we will use again and again to familiarize ourselves with the
concept:

Example 2.4. (A toy example) Consider a system over two properties p; and ps.

O3

0
()
A path through a pointed Kripke structure (M, s) with M = (S, R, \) is a sequence Sg, S1, S2, . . .

where so = s and (s;, s;+1) € R for i > 0.
The corresponding label sequence is the w-word over B™: A(so)A(s1)A(s2) .. ., for instance

(60666

over the alphabet B2 = {(0), (1), (0), (1) }

0/: o/ \1)- 1
We hereby obtain an w-language that contains the corresponding label sequences of all
possible runs of the Kripke structure. X

Now that we have introduced Kripke structures, we will state the model-checking problem
more precisely:

Given a pointed Kripke structure over p1,...,p, and a condition ¢ on w-words
over B", does every label sequence of (M, s) satisfy ¢7

For the MUX protocol consider the following conditions ¢:

o “Never ps3,ps are simultaneously true” which means for any label sequence: “there is
no letter (by,be,1,1)”.

e “Always when p; is true then sometime later p3 is true” which means for any label
sequence “when a letter (1,ba,bs, bs) occurs, later on a letter (by, ba, 1,b4) occurs”.

Basic sequence properties We consider state properties pi, p2. Label sequences are then
w-words over the alphabet B? = {(8), (?)7 ((1)), (1) } We consider the following properties of
label sequences over p; and ps:

Guaranty property: “Sometime p; becomes true.”

Safety property: “Always py is true.”
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Periodicity property: “Initially p; is true, and p; is true precisely at every third moment.”
Example sequence: (5) (3) (1) (1) () () () -

Obligation property: “Sometime pp is true but po is never true.”
Recurrence property: “Again and again, p; is true.”
Request-Response property: “Always when p; is true, ps will be true sometime later.”

Until property: “Always when p; is true, sometime later p; will be true again and in the
meantime ps is always true.”

Fairness property: “If p; is true again and again, then so is ps.”

We reformulate these conditions by using the following temporal operators:
e Xp for “p is true next time”,
e Fp for “eventually (sometime, including present) p is true”,
e Gp for “always (from now onwards) p is true”,

e p1Ups for “p; is true until eventually po is true”.

Guaranty: “Sometime p; becomes true.”
Fpy

Safety: “Always p;p is true.”
Gp1

Periodicity: “Initially p; is true, and p; is true at precisely every third moment.”

p1 A X=p1 A XX=py A G(pr - XXXpy)

Obligation: “Sometime p; is true but po is never true.”

Fp1 A =Fps
——

=G—p2
Recurrence: “Again and again, p; is true.”

GFp:

Request-Response: “Always when p; is true, ps will be true sometime later.”

G(p1 — XFpy)

Until Condition: “Always when p; is true, sometime later p; will be true again and in the
meantime po is always true.”

G(p1 — X(p2Upr))
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Fairness: “If p; is true again and again, then so is ps.”

GFp; — GFpq

Example 2.5. (Translation of LTL-formulas to Biichi automata) By intuition one can con-
struct corresponding Biichi automata for LTL-formula. These automata accept label se-
quences iff the corresponding LTL-formula are satisfied by them.

Fp : GP; :

M —aD0

p1 A X—py AXX—pr AG(pr < XXXpy) : Fpy A—Fpg :
(©)

We leave G(p1 — X(p2Up1)) as an exercise. X

2.3 Linear-Time Temporal Logic LTL

We will now formally introduce the linear-time temporal logic.
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Definition 2.6. (Syntax of LTL)
The LTL-formulas over atomic propositions p1, ..., p, are inductively defined as follows:

e p; is a LTL-formula.

o If p, 1 are LTL-formulas, then so are =, o Vi, ¢ A, p — .

o If p 1 are LTL-formulas, then so are X, Fo, Gy, pU.
Example 2.7. For atomic propositions p1, po we consider

e GFp;: pp is true again and again.

e XX(p1 — Fpo): if the pp is true in the moment after the next, then ps will eventually
be true afterwards.

o F(p1 AX(—p2Upy)): Sometime p; will be true and from the next moment on ps will not
be true until p; is true.

X
By convention we read “X” as “next”, “F” as “eventually”, “G” as “always”, and “U” as
“until”.
LTL-formulas over py,...,p, are interpreted in w-words « over B".

Notation If « =a(0)a(1)... € (B™), then
1. o stands for a(i)a(i+1)..., s0 a = a’.
2. (af(7)); is the j-th component of «(7).

Definition 2.8. (Semantics of LTL)
Define the satisfaction relation o = ¢ inductively over the construction of ¢ as follows:

e aibp; i (a); =1

e o' =—p iff not o .

e similarly for vV, A, —.

o o' =Xy iff ot .

e o' =Fyp iff forsome j>i: of .

e o' =Gy iff forallj>i: ol = o.

e a'Ep U iff forsomej>i, o/ Ev andforalk=34,...5—1: o .

Definition 2.9. An w-language L C ({0,1}")¥ is LTL-definable if there is a LTL-formula ¢
with propositional variables p1,...,p, such that L = {a € ({0,1}")* | a = ¢}.

Definition 2.10. (Satisfaction of LTL-Formulas by Kripke Structures)
A pointed Kripke structure (M, s) satisfies a LTL-formula ¢ ((M,s) E ) if all words
a = Aqo)A\(q1) ..., where qg,q1, ... is a path through M with go = s, satisfy .
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Example 2.11. We consider formulas over p1, ps.

1. a = GFpy
iff for all j > 0: ol =Fpy
iff for all j > 0 exists k > j: of =py
iff for all j > 0 exists k > j: (a(k))1 =1

iff in «, infinitely often 1 appears in the first component.

2. a = XX(p2 — Fpr)
iff a? |=py — Fpy
iff if ((2))2 =1 then o = Fpy
iff if (a(2))2 =1 then 35 >2: (a(j))1 =1

iff “if second component of «a(2) is 1, then the first component of some «(j) with

j>2is 1.
For example, this is true in: a = ((1)) (8) (i) ((1)) ((1)) ((1)) s
3. a = F(p1 A X(=p2Up1))

iff for some j > 0: o’ =p; and ot = —paUpy

iff for some j > 0: o’ = p; and there is a j/ > j + 1 with ad’ E p1 such that for
E=j4+1,...,5 =1 of & —py

iff for some j and j' > j, a(j) and «a(j’) have 1 in first component such that for k
strictly between j and j', a(k) has 0 in second component

iff @ has two letters (i) such that in between only letters ((’;) occur.
X
We have defined the semantics of LTL-formulas. Now we want to be able to determine whether
a given sequence satisfies a formula.

Aim: Evaluation of a LTL-formula ¢ over a sequence o € (B")“.
Idea: Consider

e all subformulas v of ¢ in increasing complexity,
e the end sequences o for all i > 0.

This gives an infinite two-dimensional array of truth values: At array position (v,7) write 1
iff o' =1. Then: a = ¢ iff the value at position (¢,0) is 1.

Example 2.12. Let ¢ = F(—=p; A X(—p2Up1)). The corresponding array of truth values is:
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=10 O 0O 6 6

] 0 1 0 1 0 1

P2 1 0 0 1 1 0

—p2Upy 1 0 1 1 1 0
X(=p2Up1) | 0 1 1 1 0
pr AX(=p2Up1) | O 1 0 1 0

F(—\pl /\X(—\pQUpl)) 1 1 1 1
]

X

Definition 2.13. Given an w-word « over B and a LTL-formula ¢ over p1,...,py, let m be
the number of distinct subformulas of ¢. The array of truth values for all subformulas is an
w-word (3 € B"™ called the p-expansion of .

2.4 LTL-Model-Checking Problem

We have now met the technical requirements to reformulate the model-checking problem,
using Kripke structures and LTL:

A Kripke structure (M, s) is said to satisfy ¢ if each label sequence through (M, s)
satisfies .

To write that more formally:

Definition 2.14. (LTL-Model-Checking Problem)
Given a pointed Kripke structure (M,s) and a LTL-formula ¢ (both over p1,...,pn),
decide whether (M, s) satisfies .

Example 2.15. Consider GFpy, XX(p2 — Fp1), F(p1 AX(=p2Upy)), and the following Kripke
structure:

O3

/

0

(1)
We see that GFp; fails, XX (pas — Fp1) is true, and F(py A X(—p2Upy)) fails. X
How do we go about solving a given LTL model-checking problem? In the above example the
answer was quite obvious. But for real world applications we need to do that algorithmically.

This is the point where we will use Biichi automata for the following idea for LTL model-
checking;:
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Check for the negative answer: Is there a label sequence through (M, s) which
does not satisfy ©?

Four steps are needed to implement this idea:

1. Define the w-language of all label sequences through (M, s) by a Biichi automaton
AM,s-

2. Define the w-language of all label sequences, which do not satisfy ¢ by a Biichi automa-
ton A-.

3. Construct a Biichi automaton B which recognizes L(An,s) N L(A-y), i.e. accepts all
label sequences through (M, s) which violate .

4. Check B for nonemptiness; if L(B) # () then answer “(M, s) does not satisfy ¢”, other-
wise “(M, s) satisfies ¢”.

We already know algorithms for items 3. and 4. Items 1. and 2. still need to be taken care
of.

From Kripke structures to Biichi automata This problem is straightforward and the
solution is rather obvious: Given a pointed Kripke structure (M,s) with M = (S, R, \),
A S — B, construct a Biichi automaton Ap s = (S,B", s, A, S) with

(s,(b1...by),s") € Aiff (s,8') € Rand A(s) = (b1 ...by).
So a transition gets the label of the source state.

Example 2.16. Consider the Kripke structure from Example 2.15:

B3

X

The second item is not that easy to solve. We are going to dedicate a whole section to this
problem.

2.5 From LTL to Buchi Automata

Idea: For a given LTL-formula ¢ construct a Biichi automaton, which, on input «, nondeter-
ministically guesses the p-expansion § of « and, while running, simultaneously checks that
this guess is correct.
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Consequently, a guess of § is correct, if the automaton accepts and the automaton will
also ensure that the input « satisfies the corresponding LTL-formula by checking the entry
at position (¢,0) of 5. Recall that o = ¢ iff 5(¢,0) = 1.

Therefore the automaton states are the bit vectors which are the “letters” (€ B"*™) of 3.

To simplify the inductive structure of formulas, we only consider the temporal operators
X and U. Eliminate F and G by the rules:

Fyp is equivalent to ttUp

. . ith tt =p; V —p1.
Gy is equivalent to —F-p W prvop

Theorem 2.17. For a LTL-formula ¢ overpy,...,pn let o1, ..., Ontm be the list of all subfor-
mulas of ¢ in order of increasing complezity (such that 1 =pi,...,0n =Dny-- -\ Prntm = @).
Then there is a generalized Biichi automaton A, with state-set {qo} UB" ™, which is equiv-
alent to ¢ (in the sense that a |= ¢ iff A, accepts o).

In order to check the consistency (i.e. the correctness) of the p-expansion that the automaton
guesses, we need to come up with certain compatibility conditions. These are to assure that a
state (that is, a letter of (3) is consistent in itself and also consistent with the preceding state.
Consider the following example:

Example 2.18. (Compatibility conditions) Let a € (B™)%, 1, ..., ¢n the list of subformulas
of ¢, and let 8 be the p-expansion of a.
Mlustration for ¢ = p; V X(—p2Upy):

pp 00101001000

p2 00010001000

-p 1 1 101110111
—pUpp 1110111100 0
X(-poUp;) 1 1.0 1 1 1 100 0 0
mVX(epoUp) 11111111000

Observe that the third line has to be exactly the inverse of the second line and the fourth
line is equal to the fifth line, shifted to the right. The first and fifth line make up the input
for the V-function which is the sixth line. X

Under the assumptions of the previous example, the following holds:

Pj = "5 = (B(); =1 iff (B(i));; =

i =wn Npj, = (B(i); =1 iff (B(i)); = 1 and (B(i))j, = 1
@i =pp Ve, = (BG);=1 iff (B(i)); =1or (8(i); =1
v; = Xpj, = (BG);=1 iff (B(i+1)); =1
vj=¢iUp; = (B(); =1 iff (8()); =1or [(8(i); =1

and

))j> =
(B(i+1));) =1]
For the last condition note: Uy = ¢ V (p A X(eUv)). To ensure the satisfaction of a

subformula ¢; = ¢;, Up;, we have to add the condition
(*) there is no k such that for every { > k : (3({)); = 1 and (5(1));, = 0.

The first conditions are local (controllable by comparing successive column vectors of (3). The
last condition (x) is non-local.
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Proposition 2.19. Assume 3 € B"T™ satisfies all compatibility conditions for the given c.
Then 3 is uniquely determined and in fact it is the p-expansion of a.

Proof by induction over the subformulas of ¢:

For each subformula ¢;, the entry of the j-th component of 3 at position 7 is the truth
value of ¢; over the sequence a’. The cases of atomic formulas, Boolean connectives, and
X-operator are clear.

For the case of ¢; = ¢, Upj,: If (B(k));, =1 then for all i < k the entries for (3(i)); are
correct. Recall that Uy = ¥V (@ AX(pU)). So if infinitely many k exist with (8(k));, =1,
the entries (3(i)); are correct for all i. In the remaining case: Consider k with (3(1));, = 0
for all { > k. Then show that for all [ > k the entry for (8(l)); is 0 (and hence correct).
Otherwise (4(1)); = 1 and (8(1))j, = 0 for all [ > k, which poses a contradiction to (x).
Recall the definition of (x): there is no k such that for all [ > k: (8(1)); = 1 and (8(1));, = 0.
U

Proof of Theorem 2.17 The desired generalized Biichi automaton A, just has to check
those compatibility conditions. It is defined as follows:

State set Q := {qo} UB""™ initial state qo.

Transitions (for b= (by,...,b,) and €= (c1, ..., cm)):

qo —bs (5 ), where (5 C) satisfies the Boolean compatibility conditions, and ¢, = 1
(¢ should be checked to be true).

(b o) A (' @), where b, &V, & satisfy all compatibility conditions except of ().

Final state sets For the until-subformula ¢; = ¢;, Up;, the final state-set F; contains all
states with j-component 0 or jso-component 1. If there is no until-subformula, then
every state is a final state.

This definition ensures that A, accepts « iff for some A -run p € (B"™™)¥, each F} is visited
infinitely often (i.e. the j-component = 0 or the corresponding js-component = 1 infinitely
often).

This means it does not happen that from some time k onwards, the j-component stays 1
and the jo-component stays 0.

Therefore () is guaranteed. Recall (x): there is no k such that for all I > k: (5(1)); =1
and (5(1));, = 0. Consequence:

Ay, accepts o

iff the (unique) accepting run 3 of A, on « is the yp-expansion of «, and moreover at time
0 the (n + m)-th component of the state is 1 (signaling ¢p+m = ¢ to be true)

iff o .
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Summary of LTL-Model-Checking Check whether a pointed Kripke structure (M, s)
satisfies the LTL-formula ¢:

1. Transform the given pointed Kripke structure (M, s) into a Biichi automaton A .

2. Transform the formula —¢ into an equivalent generalized (and then standard) Biichi
automaton A-.

3. Construct a Biichi automaton B which recognizes L(Axns) N L(A-), i.e. accepts all
label sequences through (M, s) which violate ¢.

4. Check B for nonemptiness; if L(B) # () then answer “(M, s) does not satisfy ¢”, other-
wise “(M, s) satisfies ¢”.

Note that items 1., 3., and 4. are all done in polynomial time.

Item 2. needs exponential time in the size of the formula (number of occurring atomic
formulas, connectives, and operators)

Summary: The LTL-model-checking problem “(M,s) = ¢?” is solvable in polynomial
time in the size of M and in exponential time in the size of .

Further questions:

1. Is this exponential complexity avoidable?

2. Given that LTL-formulas are translatable into Biichi automata, what about the con-
verse? (Answer: No)

3. Is there a logic which is equivalent in expressive power to Biichi automata (the logic
S1S over w-sequences)?

Theorem 2.20. The LTL-model-checking problem LTL-MC “(M,s) = ¢?” is NP-hard.
Remark 2.21. One can even show PSPACE-completeness of LTL-MC.
Proof of Theorem 2.20 For the NP-complete problem SAT(3) we show:

SAT(3) <p LTL-MC

More precisely: A propositional formula v in conjunctive normal form with three literals per
clause can be transformed in polynomial time into a pointed Kripke structure (M, s),, and a
LTL-formula ¢, such that

1 is satisfiable iff not (M, s)y = @y.

First, let us consider an example of constructing an equivalent LTL-model-checking problem
for a SAT(3) formula.

Example 2.22. ¢ = (21 V —x2 V 23) A (mx1 V -2 V —3) (satisfiable with the assignment
x1 — 1,29 — 0,23 — 0)
Model (M, 5)y:
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/@\\/@\\/@\\j
—=1Y0 Y1 Y2 Y3
OO O 0 o0 0

—|Jj‘1 —|Jj‘2 —\1‘3

LTL-formula ¢y (p1, p2) :== G-p1 V G—pa X

General construction Given ) = Cy A...AC,, (the C; are clauses), with C; = x;1 V
Xi2 V Xi3, where x;; is a literal, i.e. either xy or —zg, zp € {z1,...,2m}.
Define (M, s)y, over pi,...,pn, M = (S, R, \) with

S ={Yoy-- s Yms T, Ty 1, ... Ty }

and R with the edges (y;, zi11), (i, ~@i41), (i, 3:), (~i, 3:) and (Y, ym). The labeling func-
tion A : S — B" is given by

)‘(yl) = Onv
(A(z4)); = 1 iff a; is literal of C}, and
(A(mzi)); = 1 iff —a; is literal of Cj.

The LTL-formula is ¢, = G=p1 V... Gpy.

We have to show that ¢ is satisfiable iff not (M, s)y = ¢y. Take the example ¢ =
(1‘1 V —x9 V xg) AN (—@1 V —xo V —|:L‘3).

/@\\/ﬁ\\/ﬁ\\ﬁ
—Y Y1 Y2 Y3
<2(;\<2> N O e 0

Ty T —x3
An assignment A : {x1,...,2,,,} — B defines a path through M. Therefore
1) is satisfiable

iff some assignment makes each C; true

iff some path through M meets a 1 in each component

iff not for all paths there is a component which is constantly 0

iff not (M, s)y = G-p1VGp2 (= @y). O
The translation from LTL to Biichi automata showed:

Each LTL-definable w-language is Biichi recognizable.
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We show that Biichi automata are (strictly) more expressive than LTL-formulas:
Theorem 2.23. There are w-languages which are Bichi recognizable but not LTL-definable.

The general idea for proving this theorem is to show that LTL-formulas cannot describe
“modulo-counting”. As an example language we take L = (00)*1“. L is obviously Biichi
recognizable:

We will proceed as follows:
1. Introduce the language property “non-counting”.
2. Show that L = (00)*1“ does not have this property.
3. Show that each LTL-definable w-language has this property.

Definition 2.24. Call L C X% non-counting if
Ing Yn > ng Vu,v € D* VB e X :w"fe L < w"gelL.

This means for n > ng either all uv™( are in L, or none is. L is not non-counting (short: L
is counting) iff

Vno 3In > ng Ju,v, B : (w"B € L and w3 ¢ L) or (wv"f ¢ L and w3 € L).
Claim: L = (00)*1“ is counting.

Given ng take n = next even number > ng and u = ¢,v = 0,8 = 1. Then wv"§ =
0"1¢ (€ L), but w13 = 0" 11w (¢ L). O

Proposition 2.25. Each LTL-definable w-language L is non-counting:

Ing Vn > no Yu,v e ¥V e X :w"B e L < w"tlfelL
Proof by induction on LTL-formulas ¢.

p=p; + Take ng = 1. Whether uv™3 € L only depends on first letter. This is the same
letter as in wv™ 3. So wv"B € L iff w13 € L.

@ =1 : The claim is trivial. [ w"B¢L & w" 3¢ L |

@ =11 ANbg + 11,1y define non-counting Ly, Lo (with n1,n2) by induction hypothesis. Take
ng = max(ny,nz). Then the claim is true for L; N Lo, defined by ¥ A 1.

p = X® : By induction hypothesis assume 1 defines non-counting L with ny.
Take ng :=n1 + 1, at least ng > 2.
For n > ng we have to show: wv"f = Xty iff w3 = Xqp.
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If u # €, say u = au’, then use the above induction hypothesis:
uw'v" B = iff T = .
If u =€ and v = av’ then use (for n > nyg)
V"B = X iff v L3 = iff o'0" B = iff v T8 = X

@ =11 Uthg : 1,19 defining non-counting Li, Ly (with n1,n2) by induction hypothesis.
Take ng := 2 - max(ny,ng). We have to show: for all n > ny:

w" B | 1 Uy iff w3 Uy
More precisely:

for some j: (uv"B)? |= 1y and for every i < j: (uv"B)' = 1y
iff for some j: (uwv"t1B3)7 |= 99 and for every i < j: (v T13)! = 4.

Since both sides of the equivalence are symmetric, we only consider the proof from left
to right. Therefore we have to show:

if for some j: (uv™B)7 |= 9 and for every i < j: (uv™B)! =

then for some j: (uv™*13)7 = )9 and for every i < j: (uv™13)" =y

Case 1: (uv™3)’ contains > max{ni,ns} v-segments

> max{ni,na}

~
<.

~
<« .

n+1:

Then for every i < j (uv"3)" also contains > max{nj,na} v-segments. Hence by the
induction hypothesis we know that

(w"B)" 1 & (w1 B) = 4y
for every i < j and A ‘

(w"B) | o & (w1 B)! | 1.
Therefore

w" B = P Ushy & w1 B = 4 Ugo.

Case 2: (uv™3)’ contains < max{ni,ns} v-segments

Then by the choice of ng (uv™3)[0...j] has > max{ni,na} + 1 v-segments.
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> max{ni,n2} +1

Y1
" V2N N I N A | p
u FTo T vl o lo ol o | ]
. v | | | | | | [
ntl v ToTo ToTo To o Tol I
‘ ‘ J =+ v
‘ u-v ‘

Consider now for i < |uv| the words (uv™B)%: Since each of these words contains >
max{ni,na} v-segments, we know by the induction hypothesis

(w"B)" = g1 & (w1 B) = 1.
For |uv| <i < j+ |[v| (uwv™B)" = (uv™tB)"F1*l and hence
(o™ 18)" = 9y and (w1 B)T 1 = 4y,

Therefore we obtain

w" B = P Ushy & w1 B = 4 Ugs.

g

We have proven that LTL-formulas are less expressive than Biichi automata. Now we are
going to introduce a logic which can define the same class of languages as Biichi automata.

2.6 S1S (Second-Order Theory of One Successor)

The idea is to use the following elements
e variables s, t,... for time-points (positions in w-words),

e variables X, Y, ... for sets of positions,

e the constant 0 for position 0, the successor function

relation <,

, equality =, and the less-than

e the usual Boolean connectives and the quantifiers 3, V.
For clarification we compare LTL-formulas to S1S-formulas.
Example 2.26. (LTL-formulas and their translation to S1S)

GFpq D Vs3t(s <t A Xq(t))

XX(p2 — Fpl) : XQ(OH) — EIt(O” <tA Xl(t))

F(pl A X(ﬁpQUpl)) : Htl(Xl(tl) A 3752(75’1 <t A Xl(tz)/\
VE(E, < EAL < t2) — —Xa(1))))
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Let us define a counting language using S1S: L = (00)*1¢
AX F(X(0) AVs(X(s) « =X (s) AX(t)AVs(s <t — —X1(s)) AVs(t < s — X1(s)))
X

There are three points that we need to address, in order to prove equality in expressiveness
between S1S and Biichi automata.

1. Syntax and semantics of S1S.
2. Expressive power: Biichi recognizable w-languages are S1S-definable.

3. S1S-definable w-languages are Biichi recognizable (Preparation).

Syntax and Semantics of S1S
Definition 2.27. (Syntax of S1S) S1S-formulas are defined over variables:

e first-order variables s,t,...,x,y,... (ranging over natural numbers, i.e. positions in
w-words),
e second-order variables X, X1, Xo,Y, Y7, ... (ranging over sets of natural numbers).
Terms are

e the constant 0 and first-order variables,

e for any term 7 also 7’ (the successor of 7).

For instance, consider the terms: ¢,t',¢”,0,0’,0”. We can now define four classes of S1S-
formulas:

o Atomic formulas: X (1), 0 < 7, 0 = 7 for terms o, 7. Note that the atomic formula
X (7) is also denoted by 7 € X.

e First-order formulas (S1S;-formulas) are built up from atomic formulas using Boolean
connectives and quantifiers 3,V over first-order variables.

e S1S5-formulas are built up from atomic formulas using Boolean connectives and quanti-
fiers 4,V over first-order variables and second-order variables.

e FEuxistential S15-formulas are S1S1-formulas preceded by a block 3Y7 ... 3Y;, of existen-
tial second-order quantifiers.
Example 2.28. First-order formulas:
e1(X) @ Vs3t(s <tAX(t))
02(X1,Xa) + Xo(0") — (0" <t A Xq(t))
03(X1,X2) + I (Xa1(tr) ATt <ta A Xi(t2) A
VE((H) S EAL < ta) — =Xa(t))))
An existential second-order formula:
ea(X1) + 3X F(X(0) AVs(X(s) « =X (') A X(1)
AYs(s <t — =X1(s)) AVs(t < s — Xi(s)))
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Notation: ¢(X7q,...,X,) indicates that at most the variables X1, ..., X, occur freely in ¢,
i.e. are not in the scope of a quantifier.

Definition 2.29. (Semantics of S1S) We need a mathematical structure over which S1S-
formulas can be interpreted. We will

e use N as the universe for the first-order variables,
e use 2V (the powerset of N) as the universe for the second-order variables,
e apply the standard semantics for Boolean connectives and quantifiers.

We write (N,0,+1,<,P1,...,P,) E ¢(X1,...,Xy) if ¢ is true in this semantics, with P;
N,...,P, C N as interpretations of Xi,...,X,. Therefore we need only specify P
Py, ..., P,. P can be coded by the w-word a(P) € ((B")* defined by

I 1N

1€P, <— (ai))=1.
Then we simply write: a(P) | o(X1,..., X,).
Example 2.30. (Satisfaction of a S1S-formula)

(pg(Xl,Xg) : Htl(Xl(tl) A\ 3252(25/1 <ty A Xl(tz) VAN
VE((H) S EATE < ta) — = Xa(t))))

~
t1<t<ta

Let P; be the set of even numbers, P> be the set of prime numbers.

t 0 1 2 3 4 5 6
P 1 01 0 1 0 1

oPuP): pg g1 1 001 0
t1 to
The time t; and t9 instances fulfill @3 for P; and Ps: a = ¢3(X7, X2) X

Definition 2.31. (S1S-definable languages) An w-language L C (B")% is S1S-definable if for
some S1S-formula ¢(X7, ..., X,) we have

L={aecB")|akEpXi,...,Xn)}
We similarly define first-order definable, existential second-order definable.
Example 2.32. (Some w-languages defined by S1S)

1. L = {a € B¥ | a has infinitely many 1} is first-order definable by

Vs3t(s <t A Xi(t)).

2. (00)*1¢ is existential second-order definable by

wa(X1) ¢ 33X F(X(0) AVs(X(s) & X (s") AX(t)
AVYs(s <t — =X1(s)) AVs(t < s — Xi(s))).
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From Biichi automata to S1S Before showing that Biichi automata can be translated to
S1S-formulas, we prove the latter for LTL.

Theorem 2.33. A LTL-definable w-language is S1S1-definable.

For an illustration of the proof let us recall the example translations from the beginning of
the section:

GFp; © Vs3t(s <t A Xq(t))

XX(p2 — Fp1) D Xo(07) — 30" <t A X1(1))

F(pl A X(_‘pQUpl)) : Htl(Xl(tl) AN E]tg(tll <t A Xl(tg)/\
VE(E, < EAL < ta) — —Xa(1))))

In general, the idea is to describe the semantics of the temporal operators in S1S. Once this
is done, Theorem 2.33 can be proven inductively (Exercise).

Theorem 2.34. A Biichi-recognizable w-language is S1S-definable.

Idea: For Biichi automaton A over the input alphabet B” find a S1S-formula ¢(X7, ..., X,)
such that
A accepts a iff a = o(X1,...,Xp).

We express in (X1, ..., X,): “There is a successful run of A on the input given by X1,..., X,,”.
But how to express the existence of a run? Assume A has m states qi1,...,q¢, (g1 initial)
Then a run p(0)p(1)... is coded by m sets Y7,...,Y,, with

i €Yy <= p(i) = q.

Example 2.35. (Transformation of a Biichi automaton to a S1S-formula)

Input 1 1 1 0 1 11
1
s 0 Run Y7 |1x 0 1%
R @) Y, |0 1x 0
Y; | 0 0 0 ¥k %

The stars mark the state at the given point of the input word. Naturally the automaton can
only be in one state for each point of time. Therefore there is just one 1 in every column
of the run. How can we describe a successful run? That is, how do we set constraints to
X1,...,X,?7 Consider the formula

o(X1) = 3INYLY3 (Partition(Yy, ..., Ym) AYi(0) A
VE((Y1(t) A X1 () AYa(t) V (Ya(t) A Xi(8) AYA(E)
V(Y2(t) A =X1(t) AYa(t)) v (Y3(t) A Xa(t) AY3(t)))
AVs3t(s < t AY3(t))).

—~

Partition is an expression for the above mentioned unambiguous of the automaton state.
Since there is just one 1 in every Y-bitvector, Y7, Ys, Y3 have to form a partition of N.

Y1(0) states that the automaton starts in g;. The following subformulas in the scope of
the first V-quantifier represent the transition relation. The last subformula demands that the
automaton enters the final state infinitely often. X
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Proof of Theorem 2.34 In order to be able to translate an Biichi automata with m states,
some formulas, which are needed, have to be prepared:
Preparation 1: Partition(Y7,..., V) =Vt (VL Yi(t)) A Vi(- Vi (Yi(t) A Y;(t))).
Preparation 2: For a € B", say a = (b1, ...,by), we write X,(¢) as an abbreviation for

(b1)X1(8) A (b2)Xa(t) A A () X(8)

where (b;) = — if b, = 0, and b; is empty if b; = 1. For instance a = (1,0,1) : X,(¢t) =
Xl(t) VAN ﬁXQ(t) VAN Xg(t).

Now we can translate any Biichi automaton to an equivalent S1S-formula: Given the
Biichi automaton A = (Q,B", 1, A, F) with @ = {1,...,m}, define

o(X1,...,Xn) = INi...Yn <Partition(Y1, oY) AY3(0)
Ave( N 0G0 A Xa() A Y5(E)))
(i,a,5)EA
AVsTt(s <tA\/ Yi(t))).
i€F

Obviously this is just a generalization of Example 2.35. The first line gives the partitioning
of N and the start state 1. Line 2 describes all transitions of A and line 3 the acceptance

condition.
We conclude: A Biichi recognizable w-language is existential second-order definable (within
S1S). O

In order to prove the reverse direction, we need more automata theory, which we will develop
in the next chapter.

2.7 Exercises

Exercise 2.1. Consider the lift system from the introduction, now with only 4 floors. Present
a set of propositions (10 are enough) needed to describe the following properties as LTL-
formulas, and give the corresponding LTL-formulas:

(a) Every requested floor will be served sometime.
(b) Again and again the lift returns to floor 1.

(c) When the top floor is requested, the lift serves it immediately and does not stop on the
way there.

(d) While moving in one direction, the lift will stop at every requested floor, unless the top
floor is requested.

Exercise 2.2. Construct a Biichi automaton, which recognizes the set of w-words o €
({0,1}2)* with
a = G(p1 — X(p2Up1)).

Exercise 2.3. Show that there is no Biichi automaton with less than three states that
recognizes the set of w-words a € ({0,1}2)¥ with a = G(p1 — X Fps).
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Exercise 2.4. Let ¢,1 and x be LTL-formulas. Consider the following equivalences:
(a) FGop = GF ¢,

(b) X(oA9) = XA X,

(c) (¢VY)Ux =¢Ux VyUy, and

(d) (@U)Ux = oU(WUx).

Prove or disprove their correctness.

Exercise 2.5. Consider the LTL-formula ¢ = p1U(Xp2).

(a) Let a € ({0,1}?)*. Formulate the compatibility conditions for the ¢-expansion of « in
the present case.

(b) Construct, using the procedure from Theorem 3.1, a generalized Biichi automaton .4
which is equivalent to ¢. First derive from (a) the set of compatible states, and then the
transition graph of A. What are the final states of A?

(c) Construct directly a Biichi automaton recognizing L := {a € ({0,1}?)* | a = ¢}.
Exercise 2.6.

(a) Show that the w-language L; := (01)* is non-counting.

(b) Show that the w-language Lo := 01(0101)*0“ is counting.

Exercise 2.7. An w-language L C ¥ is called strictly Biichi recognizable if there is a Biichi
automaton A = (Q, X, go, A, F') such that

L ={a € X¥| there is a run of A on « visiting precisely the states in F infinitely often}.
Prove, or give a counter-example, for each direction of the following equivalence:
L is Biichi recognizable <= L is strictly Biichi recognizable.
Exercise 2.8. Let ¢, 1 be LTL-formulas. We define new operators for LTL:
(a) “at next” ¢AX1: At the next time where ¢ holds, also ¢ does.
(b) “while” ¢pW1p: ¢ holds at least as long as v does.
(c) “before” ¢B1): If 1 holds sometime, ¢ does so before.

Show that adding these operators to LTL does not increase the expressive power, i.e. find for
every formula from above an equivalent (ordinary) LTL-formula.

Exercise 2.9. Let A be the following Biichi automaton:

0
g —=a T @
G

0

Construct, using the method from the lecture, a S1S-formula ¢(X) such that o € {0,1}*
satisfies ¢ iff A accepts a.
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Exercise 2.10. Give S1S-formulas ¢1(X1, X2) and ¢2(X1, X2) for the following w-languages:
@ L= (D) (1)

(b) Lz = (111)7(9)”

Explain the purpose of the main subformulas of ¢1(X7, X2) and ¢o(X1, X2).

Exercise 2.11. Consider the following Biichi automaton:
1 RN
A w_ @
0 0

(a) Construct a S1S;-formula equivalent to A.

(b) Construct a LTL-formula equivalent to A.



Chapter 3

Theory of Deterministic
Omega-Automata

3.1 Deterministic Omega-Automata

In this chapter we are going to deal with the theory of deterministic w-automata, as it was
developed in the 1960s by MULLER, MCNAUGHTON, and RABIN. The crucial point of this
chapter is the transformation of nondeterministic Biichi automata into deterministic Muller
automata. We will follow the construction discovered by SAFRA in 1988.

Definition 3.1. Let Inf(p) = {q¢ € @Q | g occurs infinitely often in p}. A deterministic w-
automaton 2 = (Q, X, qo, 0, Acc) is called

Muller automaton if Acc is of the form F = {Fy,..., F;} with F; C @, and a run p is
successful if Inf(p) € F.

Rabin automaton if Acc is of the form Q = ((E, F1), (E2, F2), ..., (Ek, Fi)) with E;, F; C
@, and a run p is successful if \/le(lnf(p) NE; =0 Alnf(p) N F; #0).

Fy £ Q
Inf(p)

p acc ]

| —acc

A E,

A Biichi automaton is a special case of a Rabin automaton. That Rabin automaton would
have Q = ((E1, F1)) with E; = () and Fy = set of final states.

Lemma 3.2. L C X% is deterministically Muller recognizable < L is a Boolean combination
of deterministically Biichi recognizable w-languages.

Proof Let the Muller automaton 2 = (Q, X, qo, d, F) recognize L. Then the following holds:
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a€ L& 2 accepts o
& ex. F e F: 2 on « visits the F-states infinitely often.
< V(A Fi:0(q,a(0)...a(i))) =gA AN —=3Y:6(q0,(0)...a(i) = q)
FeF qeF qEQ\F ~~
« satisfies this condition iff ditto
the Biichi automaton

(Q,%, q0,0,{q}) accepts a.

Therefore L is a Boolean combination of deterministically Biichi recognizable w-languages.

The reverse direction can be shown by induction over the composition of Boolean combi-
nations. The beginning of the induction is clear since every deterministic Biichi automaton is
a special case of a deterministic Muller automaton. For the induction step, we need to show
that the class of deterministically Muller recognizable languages is closed under complement,
intersection, and union.

A part of the induction step: L C X¢ det. Muller recognizable = ¥*\ L det. Muller recog-
nizable. If L is recognized by (Q, 3, qo, , F) then ¥\ L will be recognized by (Q, X, qo, 5, 29\
F). O

3.2 McNaughton’s Theorem, Safra Construction

We show the equivalence between nondeterministic Biichi and deterministic Muller automata.
This was first shown by MCNAUGHTON in 1966. One direction is easy:

Theorem 3.3. L Muller recognizable = L nondeterministically Biichi recognizable.

Proof Let A = (Q, X, qo, 9, F) recognize L with F = {Fy,..., Fy}. The structure of an
accepting run looks like the following:

States that are ’
visited only finitely
often

Idea for the Biichi automaton B: 25 guesses the position on the input from which onwards 21
only enters states in Inf(p). B also guesses the index i of the final set F; und asserts whether
F; is entered again and again.

Q%:QU(QXQQX{I,...,IC})
° ¢ =qo
Foa={(p,0,j)lpeQ,jc{l,...,k}}

Ags contains (for all j € {1,...,k})

(p,a,q) and (p,a,(q,0,7)) if é(p,a)
((p7 ij)vaa (q,P U {Q}7])) if 6(}9, a) =
((p, P, 7),a,(q,0,5)) if (p, a)

q,
g and P U {q} ;Cé Fj,
q and PU {q} = F}. O
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o)
Power set
— | [o]o.13]
avb?@ .
O a,C Branch final Power set Lk
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AN s (1) 1] i)
-~ 'Lb
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1] ]
2] | Je
Power set
(0] 0,134
b
Power set |
37460 G5 23 B3 B BL5)
(3[34]

Figure 3.1: The column on the right, read top down, is the sequence of Safra trees for the
given automaton on ccbch. The intermediate steps are shown on the left. Within a node, the
name of the node is on the left and the label on the right.

Theorem 3.4. (McNaughton’s Theorem) L nondeterministically Biichi recognizable = L is
deterministically Muller recognizable.

Before proving the theorem, let us consider an example which shows that the powerset con-
struction, as known from finite automata theory, does not work.

A “macro state” is a set of states of the given Biichi automaton 2 = (Q, %, qo, A, F). If
we apply the powerset construction on the following Biichi automaton, the new automaton
will also accept the word (ab)®, since some macro state which contains a final state is entered
infinitely often.

a,b /)b
1 b @ Input ‘ a b a b a b

macro state | 1 1 1,2 1 12 1 12...

To show McNaughton’s Theorem we use a generalized powerset construction that is based on
a construction by SAFRA (1988). In this construction, the macro states are not sets of states
but rather trees, whose nodes are labeled with sets of states of the Biichi automaton. The
powerset construction is performed on each node and new child nodes are branched off for
final states. A state that is contained in several childs of a node, will remain in the oldest
child only. Nodes with empty labels are removed (except the root node). If the union of the
labels of the childs of a node is equal to the label of that node, then all children and their
descendants are deleted und that node will be marked with “!”. An example can be seen in
Figure 3.1.

Definition 3.5. A Safra tree over () is an ordered finite tree with node names in {1,...,2|Q|},
whose nodes are each labeled with a nonempty subset R of @ (R = 0 is only allowed in the
root node) or with a pair (R,!). The state sets of brother nodes are disjoint and the union of
the labels of child nodes is a proper subset of the label of the parent node.
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Remark 3.6. Since Q) is finite, the set of Safra trees over Q is also finite.
Notation: P~ R (P,R C Q) denotes: Vr e R: Ipe P A:p 5 r.

Remark 3.7. Let

Ry ~ P % R! B3 P B Ry ... P % R
Ul I Ul I Ul I
P @ B 3 Q E 5 Q@

where F; = set of final states of P;.
Then ¥r € R; dp € Ry : A reaches from p via input uyviugvs . .. u;v; state v with > ¢ visits
in final states.

This is made clear by retracing a run from R;! over the stages Q;, F;, P, Ri—1!,Qi—1,. ...
Lemma 3.8. (Konig’s Lemma) A finitely branching, infinite tree contains an infinite path.

Proof Let ¢ be a finitely branching, infinite tree. Define a path 7 that ensures the following
property for every node v of w: there are infinitely many children of v in t.
The root node fulfills this by definition. This property can be transferred to a child node

v" of v, because the tree is finitely branching (at v). O
Lemma 3.9. Let Ry =" Ri! 2% Ry! ... R;! YL as defined in Remark 3.7. Then there
1s a successful run of the nondeterministic Biichi automaton 24 on uiviugvs . . ., beginning with

a state in Ry.

Proof Consider the tree of states that is formed by runs from Ry to r via ujvy ... u;v;, for
each state r € R;. These runs form an infinite and finitely branching tree. Then by Konig’s
Lemma there is an infinite path in this tree. This path describes an infinite (successful) run
of 2 during which 2 enters a final state after each prefix uqvy ... u;v;. O

Proof of Theorem 3.4: Definition of the desired Muller automaton 8 for a given Biichi
automaton 2A:

e (g := Set of Safra trees over Q).
e ¢oss := Safra tree consisting of just the root with label {go}.
e For the definition of dg: Compute d5(s, a) for the Safra tree s,a € A in four stages:

1. For every node with a label that contains final states, introduce a new child node
with a label that only consists of these final states. Take a free number from 2|Q)|
as the name for that node. We will show in the next section that a Safra tree has
got at most || nodes. Since at most one child node is introduced for every node,
2|@| node names suffice.

2. Apply the powerset construction to each node label for the input letter a: R —
{r' | 3(r,a,r") € A, with r € R}.
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3. Cancel the state ¢ from a node and from all nodes in its subtree if it also occurs
in an older brother node. Cancel a node and its descendants if it carries the label
(0 (unless it is the root).

4. Cancel all sons and their descendants if the union of their labels is the parent label.
In this case mark the parent node with “!”.

e Definition of the system F of final state sets:

A set S of Safra trees is in F < there exists a node name that appears in each s € S,
and if in some tree s € S, the label of this node name carries the marker “!”.

Now we need to show: L() = L(B).

D Let the constructed Muller automaton 28 accept . Consider the run of Safra trees of B
on «a. Then there is a node k which, by definition of F, occurs in every Safra tree from
some point onwards and is marked with “!” infinitely often. Hence, for a suitable R, R!
occurs again and again as a label of k.

Then we have, according to Remark 3.9, a successful run of 2 on a. Therefore « is
accepted by 2.

C Let the Biichi automaton 2 accept a. Trace a successful run of B on «, in which a final
state ¢ is visited infinitely often. Observe in which Safra trees (of the unambiguous run
of B) this state ¢ occurs.

If the root is labeled with “!” infinitely often, then « will be accepted by 8.

Otherwise consider the first occurence of a final state in the Biichi run after the root
was marked off with “!” for the last time. From this point onwards the current state
is always in the label of one of the child nodes of the root. That will eventually be a
fixed child node k1, since states can only be transferred to older child nodes. Now we
can apply the same line of reasoning to the node k1 as we did for the root: Either kq
will be marked infinitely often, or we will find a child ko of k£ that will from some point

onwards contain the current state of the Biichi run. Thus we obtain a sequence of nodes
ki, ko, .. ..

As Safra trees are limited in depth, a node k; must eventually be marked infinitely often
and therefore 9B accepts.

3.3 Complexity Analysis of the Safra Construction
Remark 3.10. Let |Q| =n. Then every Safra tree over Q@ has got at most n nodes.

Proof by induction over the height of Safra trees.

Height 0: The Safra tree has got one node (< n). Assumption clear.
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2

Height h+1: Safra tree

Qo C Q, and Q1,...Qy are disjoint and the union of them is a proper subset of QJg9. The
subtrees are Safra trees over Q1,...Qy (say |Qi| = n;), at each case with < ny,..., < ng
nodes by induction hypothesis. The number of nodes of the Safra tree of height h + 1
is therefore <njy + - +ni +1 <|Q|.

O

To simplify the description of Safra trees we introduce the notion of the characteristic node
of a state ¢ € Q). This is the node with ¢ in its label and whose children are not labeled with
a set containing ¢. The labeling of a Safra tree is uniquely determined by the assignment ¢ —
name of the characteristic node of q.

Consequently, a Safra tree s is specified by four functions:

1. Assignment of the characteristic nodes @ — {0,...,2n}, where ¢ — 0 < ¢ is not
contained in the tree.

2. “"-Marking: {1,...,2n} — {0,1} (value = 1 iff label has “1”).

3. Father function: {1,...,2n} — {0,...,2n}, where Father(i) = 0 < i is not contained
in s.

4. Brother function: {1,...,2n} — {0,...,2n}, where Brother(i) = 0 < i is not contained
in s.

The number of Safra trees is therefore < number of quadrupels of those functions
<(@2n+1)"-22". 2n+1)%" . (2n + 1)%0
<

(2n + 1)7n c 2O(n10gn)_

We obtain “more states” than by using the powerset construction (with 2™ states).
The Muller acceptance condition, defined in the proof of Theorem 3.4, can be transformed
into an equivalent Rabin acceptance condition ((E1, F1),. .., (Em, Fi,)), where

B}, := Set of all Safra trees without the node k,
I}, := Set of all Safra trees with the node k marked with “!”.

Then the following holds:

Inf(p) € F < for a node name k:
Inf(p) N Ery =0  (k must occur in every s € Inf(p) then)
Inf(p) N Fr, #0  (Marker ! occurs with k in a s € In(p))

We can infer Safra’s Theorem:

Theorem 3.11. (SAFRA 1988) A Biichi automaton with n states is transformed by the Safra
construction into a deterministic Rabin automaton with 2°("1°8™) states and O(n) accepting
pairs (Ey, Fy,) (more precisely: 2n pairs).
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One can show that this construction is optimal:

Theorem 3.12. (M. MICHEL 1988, C. LODING 1998) There is no translation of nondeter-
ministic Biichi automata with O(n) states into deterministic Rabin automata with 20,

The upper bound of the powerset construction is always exceeded. Proof strategy:

1. Specify a family (Ly,),>1 of w-languages L, C {1,...,n,#}*, which is recognized by a
Biichi automaton with O(n) states.

2. Prove that L, cannot be recognized by a deterministic Rabin automaton with 20"
states.

For 1.: Define L,, by the Biichi automaton B,,, alphabet ¥ = {1,...,n,#}. All states of B,
are initial states.

Remark 3.13. The alphabet depends onn. We can change it into a fized alphabet {a,b, #} by

the correspondence 1 — ab, 2 — a?b, ..., n — a™b, # — #. The following Biichi automaton,
where the states qo, q1,q2, - - ., qn are initial, recognizes Ly,.
a a

. °
b
SN N L N
T NG N YT ) N\
2

a
(20) o G )@ B . @ 4

N
b a b’ # a b7 # b9 #
a
a a
Lemma 3.14. « € L, & (x) there are pairwise distinct letters iy,...,ix € {1,...,n},
such that the segments made up of letter
Pairs 1149, 1213, . . ., Ip_11k, ixi1 occur infinitely often in c.
Proof
< Let (x) hold for iy,...,i,. Find the successful run of *8,, on « in the following way:

Go to ¢;; and stay there until 192 occurs for the first time. Then do the following:
G, > qo 2> qi,. Similarly with iis,i3i4,... in the cycle iy,ia,...,i,i1. Thereby we
obtain infinitely many visits to gg and B,, accepts.

= Assume B,, accepts « but (*) fails. Pick a position p in « such that the letter pairs ijio
occuring later will in fact occur infinitely often.

If the state q; # qo is visited after p and ¢¢ later than that, then no return to ¢; is
possible, since otherwise we would get a cycle as in (x).

Since q; # qo was arbitrary, the run would eventually stay in ¢o. Contradiction. U
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Lemma 3.15. (Permutation Lemma) For every permutation (i1 ...i,) of (1,...,n) the w-
Word (i ...in#)% is not in Ly,

To prove 2. we just need a remark on Rabin automata.

Lemma 3.16. (Union Lemma) Let R = (Q,%,q0,9,2) be a Rabin automaton with Q =
{(E1,F1),...,(Ex, Fx)}. Let p1,p2,p € Q¥ be runs of R with Inf(p1) U Inf(p2) = Inf(p). If
p1 and py are not successful, then p is not successful, either.

Proof Assume p1, p2 are not successful and p is successful. Then there exists ani € {1,...,k}
with Inf(p) N E; = () and Inf(p) N F; # (). Because of Inf(p1) UInf(p2) = Inf(p), Inf(p1) N E; =
Inf(p2) N E; = 0 holds, and also Inf(p,) N F; # 0 for a € {1,2}. Thus p, is successful.
Contradiction. O

Proof of Theorem 3.12 Let the deterministic Rabin automaton &,, recognize L,,. Claim:
¢, has got > n! states.

Consider two different permutations (i1,...,4,), (j1...,7n) of 1,...,n. Then the w-words
(i1 ing)”, (J1-..Jng)” are not accepted by &€,. Let pn, ps be the non-accepting runs of &,

a B
on o and (. Set R := Inf(p,) and S := Inf(pg).
Claim: RN S = (). From this follows (since there are n! permutations) that €, has got at
least n! states and we are finished.
Assume ¢ € RN S: From pg, pg construct a new run of &, on the new input, that has
the following structure:

On segment of «, according to pa,
R is completely visited at least once and
input segment i1 ..., is processed at least once.

qo [VAVAVAVAVA -4 q

On segment of 3, according to pg,
S is completely visited at least once and
input segment ji ... Jjn is processed at least once.

Repeating these two loops in alternation, we get a new input word v and a new run of €, on
v with Inf(p,) = RUS. According to Lemma 3.16, €,, does not accept ~.

Both 41 ...4, and j1 ... j, occur infinitely often in . Since iy ...%, # j1 ... Jjn choose the
smallest k with i # ji. Then we have the following situation:

i1 iy g
I [N
J1 Jk—1 Jk

There has to be an i, [ > k, with i; = jg, as well as a j,, r > k, with j, = ix. We therefore
obtain a cycle that corresponds to the characterization of L,,.

ikik-‘rla ey il—lil 3 jk?jk?-‘rla DRI j,,-,lj?« 3 Z'k/ik-‘rla cee
I I

Jk g
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Thus v € L,, which is a contradiction to our choice of €,. Therefore Theorem 3.12 has been
proved. O

It is an open question whether there are w-languages L,, that can be recognized by nondeter-
ministic Biichi automata with O(n) states and only by deterministic Muller automata with
> nl states.

Remark 3.17. The example languages L, as defined for the proof of Theorem 3.12 are
recognized by deterministic Muller automata with O(n?) states.

3.4 Logical Application: From S1S to Biichi Automata

In the last chapter we tried to show the equivalence of the logic S1S and Biichi automata.
Now we have the tools ready to prove that every S1S definable language is Biichi recognizable.
As a consequence of McNaughton’s Theorem we see:

Theorem 3.18. The class of Biichi recognizable w-languages is closed under complement.

Proof Given a Biichi automaton B, construct a Biichi automaton for the complement w-
language as follows:

1. From B obtain an equivalent deterministic Muller automaton M by Safra’s construction.

2. In M declare the non-accepting state sets as accepting and vice versa and thus obtain

M.
3. From M’ obtain an equivalent Biichi automaton B’.

g

We showed that a Biichi-recognizable w-language is S1S definable. Now we prove the converse:
Theorem 3.19. An S1S-definable w-language is Biichi recognizable.
There will be two stages in the proof:

1. Reduction of S1S to a simpler formalism S1Sy.

2. Construction of an equivalent Biichi automata by induction on S1Sg-formulas.

From S18S to S1S¢ For simplification we eliminate some constructs from S1S:

e The constant 0 can be eliminated: Instead of X (0) write

J(X () A —3s(s < t)).

e The relation symbol < can be eliminated: Instead of s < t write
VX(X(s") AVY(X(y) = X () — X(1))

(each set which contains s" and is closed under successors must contain t).
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e The successor function only occurs in formulas of type ' = y: Instead of X (s”) write
JyIz(s' =y Ay =2 A X(2)).
e Eliminate the use of first-order variables by using different atomic formulas:
X CY, Sing(X), Succ(X,Y),

meaning: “X is subset of Y7, “X is a singleton set”, and “X = {z}, Y = {y} are
singleton sets with 2 +1 = y”. Now one can write X (y) as Sing(Y)AY C X and 2’ =y
as Succ(X,Y).

Example 3.20. Translation example: Vz Jy(z’ =y A Z(y)) is written as
VX (Sing(X) — 3Y (Sing(Y') A Succ(X,Y)AY C Z2)).
X

Proof of Theorem 3.19 We can assume that S1S-formulas ¢(X7, ..., X,;,) are rewritten as
S1Sp-formulas. We show the claim by induction on S1Sg-formulas. It suffices to treat

e the atomic formulas
X1 g XQ, Sing(Xl) s SUCC(Xl,XQ),

e the connectives V and —, and the existential set quantifier 3.

We can easily specifiy Biichi automata for the atomic formulas (induction basis):

Atomic formula | Corresponding Biichi automaton Recognized example word

©)()-()

X, =001101...
X1 C Xy Hg/ X,=010101...
1
Sing (X)) ©) X1 = 000010000 ...

Succ( X7, Xo9) Hg/

Induction step:

Q X,=0001000...
O | X5=0000100...

1. Or connective: Consider ¢1(X1,...,Xn) V o2(X1,...,Xp).
By induction hypothesis we have Biichi automata 41, 45 that are equivalent to ¢1, 2.
Take the Biichi automaton for the union as the one equivalent to 1 V @a.

2. Negation: Consider —p(X1,..., Xp).
By induction hypothesis there is a Biichi automaton equivalent to ¢.

Apply the closure of Biichi recognizable w-languages under complement, to obtain a
Biichi automaton equivalent to —¢.
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3. Existential quantifier: Consider 3X¢(X, X1,...,X,).
Assume A is a Biichi automaton equivalent to ¢(X, X1,...,X,). In A, change each
transition label (b,by,...,b,) into (by,...,by,); thus obtain A’. Then a transition via b
exists in A’ if there is a transition via (0,b) or (1,b) in A.

A’ accepts a € (B")¥

iff there exists a bit sequence cqcy ... such that (cg, a(0)), (c1,a(1)) ... is accepted by
A

iff Jepey ... such that A accepts (co, @(0)), (c1, a(1)) ...
iff o F3IXe(X,X1,...,X,).

So the Biichi automaton A’ is equivalent to 3X p(X, X1,...,X,,). An example:

3.5 Complexity of Logic-Automata Translations

We have translated LTL- and S1S-formulas into Biichi automata. The complexity bounds are
very different. We define the k-fold exponential function g by

go(n) =n,  grp1(n) =290,
Theorem 3.21. (Translation complexity of LTL and S1S)

1. An LTL formula of size n (measured in the number of subformulas) can be translated
into a Bichi automaton with 2™ states.

2. There is no k such that each S1S formula of size n (measured in the number of subfor-
mulas) can be translated into a Biichi automaton with gi(n) states.

The case of sentences We will briefly mention a historical application of the translation
from S1S to Biichi automata. Consider sentences, which are formulas without free variables.

The translation of a sentence ¢ into a Biichi automaton A, yields an automaton with
unlabeled transitions.

As we can now see, the sentence ¢ is true in the structure (N, +1, <, 0) iff the automaton
A, has a successful run. The latter condition can be checked with the nonemptiness test.
Consequently, one can decide, for any given S1S-sentence ¢, whether ¢ is true in (N, +1, <, 0)
or not.

The monadic second-order theory of (N, +1,<,0) is the set of S1S-sentences that are true
in (N,+1,<,0). This is written as MThy(N, +1, <, 0).
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Some example sentences:

VX Y (VE(X(t) — Y (¢))) true
VX 3tVs(X(s) — s <t) false
VX(X(0)AVs(X(s) — X(s')) — VtX(t)) true

By applying the above mentioned translation into Biichi automata and by testing for
nonemptiness, we immediately see :

Theorem 3.22. (BUcHI 1960) The theory MTha(N, +1, <,0) is decidable.

3.6 Classification of Omega-Regular Languages and Sequence
Properties

Up to now we have treated general logical and automata theoretical methods to describe
sequence properties (i.e. system properties). However the last section showed that taking too
broad a view results in computationally infeasible results.

In Section 2.2 we mentioned several interesting sequence properties, e.g. “safety”, “guar-
anty” and so on. We will now narrow our view of w-languages to automata models which
correspond to those properties. Using those models we will prove certain relationships be-
tween those properties, i.e. can some property be expressed by some other property? This
will give us the tools to solve infinite games in the second part of this course.

So what are we going to do in this section?

1. Definition of a natural classification scheme based on deterministic automata.
2. Comparison of the levels of this classification.

3. Decision to which level a given property belongs.

The four basic types of sequence properties We have already seen a wide variety
of sequence properties in Section 2.2. The following four basic properties can be described
intuitively:

e Guaranty condition requires that some finite prefix has a certain property.
e Safety condition requires that all finite prefixes have a certain property.

e Recurrence condition requires that infinitely many finite prefixes have a certain
property.

e Persistence condition requires that almost all (i.e. from a certain point onwards all)
finite prefixes have a certain property.

We shall describe the prefix properties by deterministic automata.
Definition 3.23. Given a deterministic automaton 2 = (Q, %, qo, 0, F') ,
o 2 E-accepts o < exists a run p of A on a with 3i : p(i) € F.

o 2 A-accepts a < exists a run p of A on «, so that Vi : p(i) € F.
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e 2 Biichi-accepts o < exists a run, so that Vj3i > j: p(i) € F.

e 2 co-Biichi-accepts a < exists a run p of A on «a, so that for almost all ¢ (except of
finitely many, written: v¥i ) p(i) € F holds, i.e. from some point onwards only final
states will be visited.

The notions A-, E-, and co-Biichi automaton and A-, E-, and co-Biichi recognizable are defined
accordingly.

Example 3.24. Let ¥ = {a, b, c}.
Ly ={a€X¥| nocin a}. L is A-recognizable by

a,b b,
() C Qa c

Ly = {a € ¥ | ¢ only finitely often in a}. Ly is co-Biichi recognizable by

()ab .
VSRS

NS

a,b

X

By intuition we can summarize some relationships between acceptance conditions on the one
side and sequence properties on the other side, in Table 3.1.
We want to show the following connections for specifications by automata:

e Guaranty and safety properties can be rewritten as recurrence and persistence proper-
ties.

e Guaranty properties cannot be described as safety properties (and vice versa).

e The same holds for recurrence and persistence properties.

These claims can be proven within the precise framework of w-automata.
Theorem 3.25. Let L C X¢.

a) L deterministically E-recognizable < L =U - X% for a reqular U C X*.

b) L deterministically Biichi recognizable < L =1lim(U) for a regular U C ¥*.

Proof Item (b) was shown earlier in the proof of Theorem 1.10 b). Proof of (a): Similar to
the proof of Theorem 1.10 b): Let U be recognized by the DFA 2 = (@, X, qo,0, F') . Use 2
as a deterministic E-automaton, now called 8.
B accepts « L The unambiguous run of B on « enters F at least once
<= Ji: A reaches a state in F' after a(0)...(7)
<= Ji: «a0)...a(i) € U (according to the def. of A)
= acU- X%
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Biichi acceptance co-Biichi acceptance
grasps “recurrence properties” grasps “persistence properties”
Illustration: /C> Ilustration: /@

System assumes desired states again and System finally assumes desired
again states only
E-acceptance A-acceptance
grasps “guaranty properties” grasps “safety properties”
Illustration: —F Ilustration: P4
1, iHG forbidden
Q area
System assumes desired state System is always in a desired
sometime state

Table 3.1: Overview

Lemma 3.26. (Complement Lemma) Let L C X¢. Then the following holds:

a) L is deterministically E-recognizable < the complement language ¥“ \ L is determinis-
tically A-recognizable.

b) L is deteterministically Biichi recognizable < the complement language X% \ L is deter-
mainistically co-Bichi recognizable.

Proof Let A = (Q, %, qo, 0, F') recognize L.
a) a€X?\L <& Fisnever reached during the unambiguous run p of 2 on «
< Only states from @ \ F' are assumed
during the unambiguous run p of 2 on «.
Thus A’ := (Q, %, q0,0,Q \ F) A-accepts 3¢\ L. “<” can be shown analogously.

b) aeX¥\L <& Fis visited only finitely often
during the unambiguous run p of 2 on «
< from some point onwards only states in @ \ F' are assumed.
Thus 2" = (@, X, q0, 9, Q \ F) co-Biichi accepts ¢\ L. “<” can be shown
analogously.
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Theorem 3.27. Let L C X%.
a) L deterministically E-recognizable = L is deterministically Biichi recognizable.
b) The converse does not hold in general.

Proof

a) Given 2 = (Q, X, qo,0, F) construct a deterministic Biichi automaton by adding a state
qr. We are going to “divert” all transitions to F' to the newly created state qy. We
define a new transition function ¢’:

0(q,a) = 0(q,a)ifqg F
¥(g,a) = gqpifgeF
8(qpa) = qy

Set B = (Q U {qr},X,q0,0",{qr}). Then the new automaton B Biichi accepts the
w-word « iff A E-accepts a.

b) <: Consider L = {a € B“ | 1 appears infinitely often in a}. A deterministic Biichi
automaton which recognizes this language could look like this:

0 1
C\'/L\
4’.'¥0/ @O

Assume: A deterministic E-automaton 2 recognizes L. According to Theorem 3.25
L =U -3 for a regular U C ¥*. Since L is nonempty, U is also nonempty. Let u € U.
Then u0¥ € U - £* but u0* ¢ L.

O

Lemma 3.28. There are languages which separate the above mentioned language classes:

1. B* - 1-B¥ is E-recognizable, but not A-recognizable.
2. {0¥} is A-recognizable but not E-recognizable.
3. (0*1)“ 4s Biichi recognizable but not co-Biichi recognizable.

4. B*0¥ is co-Biichi recognizable but not Bilichi recognizable.
Note that {0} =B¥\ (B*-1-B%), B*0¥ =B\ (0*1)~.
Proof

1. E-recognizability is clear.
0 0,1

o O

Assume B* - 1-B“ is A-recognizable, say by A with n states.

Consider A on 0™10%; all states of the run are final. Before input letter 1 there is a
state repetition (loop of final states). So with this loop A also accepts the input word
0¥, contradiction.
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2. {0¥} being A-recognizable but not E-recognizable follows from the Complement Lemma,
since {0“} =B~ \ (B*-1-B¥).

0 0,1
M

3. (0*1)“ being Biichi recognizable was shown for Theorem 3.27(b). It is easy to show that
this language is not co-Biichi recognizable

4. B*0* being co-Biichi recognizable but not Biichi recognizable then follows from the
Complement Lemma and 3.

O

Theorem 3.29. (Hierarchy Theorem) The following diagram of inclusions holds for the
classes of w-languages that can be recognized by deterministic automata with E-, A-, Biichi,
and co-Biuchi acceptance conditions:

o — regular w-languages

— ] det.

det. co—Biichi recognizable

Biichi recognizable

|
et
A-recognizable

det.
E-recognizable

Proof (Inclusions)
L is det. E-recogn.

L is det. A-recogn.
The implication L is det. E-recognizable = L is det. Biichi recognizable was already

shown (Theorem 3.27). Show: L is deterministically A-recognizable = L is deterministically
Biichi recognizable. Consider the automaton 2 = (Q, 3, qo, 0, F'), which A-recognizes L and
modify it as follows:

} = L is det. Biichi recogn. = L is nondet. Biichi recogn.

A A’
p/— \q p%,\‘\\@

—— 0 —1— q

We replace every §(p,a) = q, where p € F,q ¢ F, by 6(p,a) = ¢, and add §(¢—,a) = ¢~ for
every a € ¥. Then the 2l-run p only assumes final states on «

& the corresponding U'-run p’ on « only assumes final states

< (*) the corresponding 2'-run p’ on « infinitely often assumes final states.
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For (x): < If 2’ infinitely often assumes a final state, then 2 follows no transition leading
out of F'. Therefore 2’ only enters final states, i.e. 2’ Biichi recognizes L.
The claims

L is det. E-recognizable =
L is det. A-recognizable =
L is det. co-Biichi-recognizable = L is nondet. Biichi recognizable

} L is det. co-Biichi recognizable,

will be proved in the exercises.
In order to show that these inclusions are proper, we need to consider seven different cases.
These are depicted in Figure 3.2. 4, 5, 6, and 7 have already been proved to be nonempty by

£ O
G0

Figure 3.2: Seven inclusions

the languages B* - 1 - B“, {0¥}, (0*1)¥, and B*0“ respectively in Remark 3.28.

(1) Ly :=={1(0+ 1)} is det. E-recognizable and det. A-recognizable:

E-recognizes L A-recognizes L

(2) Ly := {&@ € B¥ | 11 never occurs in o but 101 at least once}. This language is recog-
nized by the following det. Biichi automaton:

0

MNP

0 1 0
& . @i@O
1 0

This det. Bilichi automaton for Lo is at the same time the co-Biichi automaton for L.
Assume 1: Lo is E-recognizable, say by 2.

Consider 2 on the word 1010%. This w-word is accepted by the automaton. A final
state is visited not later than after the prefix 1010™. Therefore the w-word 1010™110%
is accepted. Contradiction.
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Assume 2: Lo is A-recognizable, say by 2l with n states.

Consider 2 on 0™1010“. The automaton accepts, i.e. it visits final states only. Because
of the repetition of states on 0™ only final states are assumed on 0“. Thus 0% is accepted
but 0¥ & Lo. Contradiction.

(3) Lz :={a €B¥| 00 occurs only finitely often in «, but 11 only finitely often}.
We will show in the exercises that Lj is nondeterministically Biichi recognizable but

neither deterministically Biichi nor deterministically co-Biichi recognizable.

O

3.7 Deciding the Level of Languages

For a given regular w-language L (defined by, say, a Muller automaton) one can decide whether
L is det. Biichi recognizable or det. E-recognizable.

Let 2 = (Q, %, qo, 0, F) be a Muller automaton that has (w.l.o.g.) only reachable states.
A set S C @ is named loop if S # () and Vs, s’ € S Jw € 1 §(s,w) = s’. Thus loops are the
sets of states which can occur as Inf(p) of a run p. Let (w.l.o.g.) F consist of loops only.

Definition 3.30. Call F closed under reachable loops iff each loop S’ reachable from a loop
S € F also belongs to F. Call F closed under superloops iff each loop S’ D S for a loop
S € F also belongs to F.

F1:={SCQ|Sisaloop, S is reachable from a loop in F}
Fo:=FU{FUE|FUE is aloop with at least one state more than in F' € F}
= “proper superloop of F-loops”

Remark 3.31.
1. F is closed under reachable loops iff F = F.
2. F is closed under superloops iff F = Fa.

3. Each superloop of an F-loop is also reachable from an F-loop; so if F is closed under
reachable loops then it is also closed under superloops. So obviously F C Fo C F1 holds.

Theorem 3.32. (Landweber’s Theorem)

a) F=F1 < L) is deterministically E-recognizable.

b) F =Fa < L) is deterministically Biichi recognizable.
Proof of a)

= Let F = Fy. Define the E-automaton 2" = (Q, %, qo, 5, J F).

A accepts @« <= A eventually stays in a loop S € F; on «

DefF; .
<= at some point U reaches a loop from F; on «

<= A E-accepts a.
Thus 2 and 2’ are equivalent.
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< Let the deterministic E-automaton 98 recognize L(2), w.l.o.g. let L(2) # 0.
Show: 71 C F
Consider ¢ € S € F. Show that all loops reachable from ¢ are already in F.

Choose u € ¥* with dg(qo,u) = q. Choose 7 € ¥“, so that 2 on uy assumes the loop
S. Since S € F, uy € L(2) holds. The automaton 8 at some time reaches a final state
on wy, say after uwv. In 2 extend uv with w so that dg(qo, vvw) = q.

Let S’ be a loop, reachable from ¢, say via the input word uvwy’. Since this w-word
has got the prefix uv, B accepts uvwy’. Therefore 2 also accepts uvw~y’. Thus the loop
S’ is also in F. O

Proof of b)

= Let F = Fo.
2 accepts a 9%]:2 2 eventually assumes a superloop of an F-loop on a.

Construct a Biichi automaton A’ with the state set @ x 29 and start state (qo, ).
The automaton accumulates the visited states in (¢, R) until a F-loop is reached or
outnumbered. Then we reset R := (). The final states are all (¢,0). So

A" accepts «
iff of input «a, A infinitely often passes through loops S’ D S where S € F

iff (since only finitely many such S’ exist) for some S’ D S with S € F, precisely the
states of S’ are visited infinitely often

iff (since F is closed under superloops) for some S € F, precisely the states of S are
visited infinitely often

iff A accepts a.

< Let the det. Biichi automaton 9B with final state set F' recognize L(2).
Show: The system of accepting loops of 2 is closed under superloops (Fa C F).

So we have to find o € L(2l) which finally lets 2 cycle through S’. For that matter pick
q € S, reached by A via w. Continue w by = such that 2 loops through S and hence
accepts. So B on wy infinitely often visits F', say first after wu;. Continuation via vy
through S leads 2A back to ¢, then a travel through the superloop S’ via z7 again back
to gq.

Repetition yields wuiviziusvexs . .. such that B assumes a final state after each u;; so
2A accepts, and due to the z;, 2 visits the S’-states again and again. O

3.8 Staiger-Wagner Automata

For a run p € Q¥ let Occ(p) :=={q € Q| Ji : p(i) = q}. Guaranty and safety conditions can
be described with Occ(p).
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Guaranty condition: Jip(i) € F < Occ(p) NF # ()
Safety condition: Vip(i) € F' < Occ(p) C F

Definition 3.33. A Staiger- Wagner automaton (SW-automaton) is of the form 2 = (Q, X, qo, 0, Acc)
with @, X, qo,0 as defined earlier and Acc is a family F of sets of states (Notation: F =

{F1,... . Fx}, Fi C Q).
2 accepts a & Occ(p) € F (i.e. Occ(p) = Fy or ... or Occ(p) = Fy)
holds for the unambiguous run p of 2 on a.

Idea: The Staiger-Wagner condition grasps options for state sets in accepting runs.
Remark 3.34. The accepting component F of a Staiger-Wagner automaton only needs to
include sets F which consist of

e a strongly connected component (SCC) P,

e a path from qg to P.

Remark 3.35. Deterministic E- and A-automata are special cases of SW-automata.
Proof

a) Let A = (Q, X, qo, 9, F) be an E-automaton. Then the SW-automaton 2l = (Q, X, o, 0, F)
with F={P C Q| PNF # 0} is equivalent to 2.

b) Let 2 be an A-automaton as above. Then the SW-automaton 2" = (Q, 3, qo, 0, F') with
F'={P C Q| P CF} is equivalent to 2.
g

Question: Why is it not sufficient to define the SW-automaton as 2" = (Q, X, qo, 9, {F'})?
That would not be correct, because then a visit to every state in F' would be mandatory,
which is not always necessary.

Theorem 3.36. The acceptance conditions, made up of Boolean combinations of guaranty
conditions (or safety conditions), are exactly those which can be described by SW-conditions.

Proof Consider the state space Q.

< Consider the condition Occ(p) € F, say for F = {Fy,..., Fy}, i.e. Occ(p) = F1 V-V
Occ(p) = F.
Occ(p) = Fj is equivalent to A FJip(i) =gAN A - Fip(i) =¢
qEF; N— qEQ\F; S———
Jip(i) € {q} Jip(i) € {q}

We obtain a Boolean combination of guaranty conditions of the form Jip(i) € {q}.

= Consider a Boolean combination of guaranty conditions Jp(i) € Py (or Occ(p) N Py # 0)
for suitable sets P, C ). The DNF yields disjunction of conditions of the following kind
(we denote the jth element of the disjunction with (x);):
Occ(p)NPj1 # OA---AOcc(p) N Pjm; # OAOcc(p) NV Pjm, .y = OA---AOcc(p) N Pjn; =0

Call F C @ good for the index j, if F', substituted for Occ(p), fulfills the condition (x);.
Set F:={F C Q| F is good for an index j}. The SW-automaton with this F accepts
iff the given Boolean combination is fulfilled.
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g

Example 3.37. Let L) = {« € B¥ | 11 never occurs in a, or 101 occurs > one time}. We
want to define the acceptance condition of 2, so that L/ is recognized.
0

(a) ! b ! COI

N

1

2 has got the following properties:

e If 101 occurs, then e is reached.

e If 101 does not occur, then the occurence of 11 is signaled by reaching c.

So we need to require that either e is visited or that c is never visited. Thus the system F of
accepting sets precisely contains {a},{a,b,d},{a,b,d, e}, {a,b,c,d,e}. D

Remark 3.38. There are SW-recognizable languages which cannot be recognized by a SW-
automaton with only one set in its accepting component.

Before proving the remark we give an example for which the reduction to an accepting com-
ponent {F'} succeeds. Let ¥ = {a,b,c}, L = {a € ¥ | b or ¢ occur in a}.

a b QOb
JB?{( o F 28 128
s 33 ¢

a

In this case there are more than just one set F. But another SW-automaton only requires an
simpler F:

Y0 e O 2 rom

1 2
Proof of Remark 3.38 Consider L = {0¥, 1“}.
OO
e R 8|
—1 4 F =1{{1,2},{1,3
— 9 {1, 2}, {1, 3}}
Or

Assume: The SW-automaton 2 = (Q, B, qo, d, { F'}) recognizes L, say with n states. Consider
the run pg on 0¥, which visits exactly the F-states. After 0, p € F is reached, and every
state that is visited on 0“ has already been visited. 1¢ is also accepted. Therefore exactly
the F-states are visited, i.e. also p. From the state p := §(qo,0") on the word 1“ a subset of
F' is visited. Consider 0"1%. For this word precisely F' is visited and therefore the word is
accepted. Contradiction. O

Theorem 3.39. (STAIGER, WAGNER 1977) An w-language L C X% is SW-recognizable iff it
is deterministically Bichi recognizable and deterministically co-Biichi recognizable.
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From Staiger-Wagner to Biichi Proof idea: Given a Staiger-Wagner automaton with
state-set () and acceptance component F = {F},..., F;}, we introduce an automaton A’
with state space Q x 29.

In the first component, A’ simulates A. In the second component, A’ accumulates the
visited states. If this set coincides with some Fj, the state is declared final. Formally, a state
(q, R) is declared final in A’ if for some i we have R = F;. We show

A accepts «a iff A’ Biichi-accepts a iff A’ co-Biichi-accepts a.
A" accepts «
iff A’ on « visits infinitely often a final state

iff in the run of A’ on «, infinitely often there is some 4 such that the visited states form
the set F;

iff for some ¢, infinitely often the visited states form the set Fj

iff A accepts a.

Note: Infinitely often the visited states form the set F; iff from some point onwards the
visited states form the set F;. So for A’ one may as well use the co-Biichi condition without
changing the recognized w-language.

For the converse we need some preparation:

Recall: A strongly connected component (SCC) of (the transition graph of) A is a maximal
strongly connected set, in other words a maximal loop of A.

Remark 3.40. The SCC’s and the singletons which do not belong to a SCC form a partial
order under the reachability relation.

Example 3.41. The numbers indicate SCCs.

/2\_/2\@5
364/ \5

@)

The partial order can be illustrated as follows:

2
1/ \5
N /
3—=4
X

Remark 3.42. If F is closed under superloops and under subloops, then all loops of a SCC
are accepting (in F) or all rejecting (not in F).

Given a loop of F in the SCC S, S itself belongs to F (since F is closed under superloops)
and hence all loops within S belong to F (since F is closed under subloops).
Call an SCC S accepting if all its loops are accepting.
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From Biichi and co-Biichi to Staiger-Wagner Assume L is deterministically Biichi
recognizable and deterministically co-Biichi recognizable.

Let A be a Muller automaton recognizing L, say with acceptance component F. By
Landweber’s Theorem, F is closed under superloops and under subloops.

Any run p will finally remain within a certain SCC S.

For any SCC S, let Sy be the set of states outside S and reachable from S by a single
transition.

The run p will eventually stay in S if some state of S is visited in p but no state of S
is visited in p. So the Muller automaton A accepts « iff the run p of A on « satisfies the
following:

p reaches an accepting SCC S but does not visit one of the states in Sy.

So we may change the acceptance condition to the Staiger-Wagner condition with the following
system F':

R e F' :& for some accepting SCC S, RNS # 0
but RN Sy =10

3.9 Parity Conditions

In a Muller automaton the accepting loops are enumerated (in an acceptance component
F). In a Rabin automaton the accepting loops are fixed by “bounds” (S is accepting iff S
intersects some F; but is disjoint from the corresponding E;). Can one fix the accepting loops
by a condition on their individual states? We use a “coloring” of states by numbers:

Definition 3.43. A coloring of @ is a function ¢ : Q@ — {0,...,k}. For a run p let ¢(p) be
the sequence of associated colors:

Definition 3.44. (Weak and Strong Parity Automata) A (deterministic) parity automaton
is an w-automaton of the form A = (Q, X, qo,d, c), where the acceptance component is a
coloring ¢ : @ — {0,...,k} for some natural number k.

A weak parity automaton is a parity automaton where a

run p is successful if the maximal color occurring in p is even
(formally: max(Occ(c(p))) is even).

A strong parity automaton (sometimes just “parity automaton”) is a parity automaton
where a

run p is successful if the maximal color occurring infinitely often in p is even
(formally: max(Inf(c(p))) is even).



58 CHAPTER 3. THEORY OF DETERMINISTIC OMEGA-AUTOMATA

Example 3.45. (Special cases)
An E-automaton with state set @ and final state set F' amounts to a weak parity automa-
ton with a coloring ¢ : @ — {1,2}:

1 forqgé F
c(q) =
2 forqeF

A Biichi automaton can be presented similarly as a strong parity automaton with the same
coloring.
An A-automaton (Q and F as before) amounts to a weak parity automaton with coloring

c:Q —{0,1}:
0 forqeF
c(q) =
1 forqgF
X

Lemma 3.46. Every deterministic parity automaton is equivalent to a deterministic Rabin
automaton.

Proof Given the parity automaton 2 = (@, X, qo,0,¢) with ¢: Q@ — {0,...,k}, wlo.g. let k
be odd. We write C; = {q | ¢(q) = i}.
We define the sets Fy, Fyo, . .., Fi, B according to the following scheme:

4 N
Co Cy Cs Cs Cy Cs
‘\ )
I I I I I I
| | | | | |
| I I I I I
I I I I I
: Fo | | | 1 |
I Ep | ! | 1
’ e | | ‘
I 1 Il L
I Eq | !
I T U
I Py 1
I | E,
—

thus Fj = {q € Q| c(q) > 25} } j=0...k
Ej={q€Q|clq) >2j+1}

The maximal infinitely often visited color is then = 0, if Inf(p) N Fy # 0, Inf(p) N Ey = 0,
—1,if Inf(p) N Fy = 0, Inf(p) N Ey # 0,

Therefore Fy 2 Eg 2 F1 2 FE1 D --- 2 F, O Ej, holds and

max(Inf(c(p))) even < \/(Inf(p) NF; # 0 AInf(p) N E; = 0).
=0
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We obtain an equivalent Rabin automaton 8 = (Q, X, qo, 0, Q) (2 = {(Eo, Fo), ..., (Ek, F)}).
Because of the inclusion chain Fj, E; also called Rabin chain automaton with accepting com-
ponent = ((Eo, Fo), ..., (Ey, F})). O

Aim:
e Weak parity automata have the same expressive power as Staiger-Wagner automata.

e Strong parity automata have the same expressive power as Muller automata.

From Parity to Staiger-Wagner and Muller Consider an automaton with coloring
c:Q —A{0,...,k}. Let C; ={q € Q| clq) =1}

The weak parity condition is a Boolean combination of E-acceptance conditions for a run
p:

\/  Fi(p(i) € C; A =Fip(i) € CjaU...UCy)
J even

Similarly the strong parity condition is a Boolean combination of Biichi acceptance conditions.

Consequences:

e A weak parity automaton can be simulated by a Staiger-Wagner automaton.

e A strong parity automaton can be simulated by a Muller automaton.

Theorem 3.47. (From Staiger-Wagner to weak parity) For a Staiger-Wagner automaton
one can construct an equivalent weak parity automaton.

Proof Let A = (Q,,qo,d,F) be a Staiger-Wagner automaton. We define an equivalent
weak parity automaton A’ = (Q',%, ¢h, 8, ¢). Set Q' = Q x 29, ¢} = (qo, {q0})-
Idea: Collect the visited states in the second component. Define §'((p, R),a) = (§(p,a), RU

{6(p, a)})-

The coloring c is defined by

(p. R) 2-|R| if ReF
c(p, =
b 2. |R|-1 ifR¢F

Colors of a run increase monotonically, and from some point onwards stay constant (when
all visited states have been seen at least once).
The maximal color is even iff the set of visited states belongs to F. So A’ is equivalent to

A. g

Theorem 3.48. (From Muller automata to parity automata) For a Muller automaton one
can construct an equivalent strong parity automaton.

Proof Idea: Extend the idea of “recording past states”. Remember not only the set of visited
states, but also the order of their last occurrence. The data structure for this information
is called “Order vector” (MCNAUGHTON 1965), “Latest appearance record”, short “LAR”
(GUREVICH, HARRINGTON 1982).

The vector has the current state on position 1, the next previous state on position 2, etc.
The position where the current state was taken from is marked as “hit position”.

The complete proof will be given later on.
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Example 3.49. Q = {1,2,3,4}

run p:  LAR-run p’: underlined: hit
1234
3124
4312
2431
3241
1324
3124
3124
1324

— W W W R W

3.10 Exercises

Exercise 3.1. Counsider the Biichi automaton A = ({0,1,2},{a,b},0,A,{1}) with A given
by the following transition table:

a b
001 O
1 2
21 2 1

Construct, using the Safra construction, an equivalent deterministic Muller automaton.

Exercise 3.2. Let L C 3“ be an w-language. We define the right congruence ~pC ¥* x ¥*
by
u~pviff Vo e ¥ : uva € L & va € L.

(a) Show that every deterministic Muller automaton recognizing L needs at least as many
states as there are ~j, equivalence classes.

(b) Show that there is a non-regular w-language L such that ~p has finite index. (So the
Nerode characterization of regular languages does not generalize to w-languages.)
Hint: Let 8 be an w-word which is not ultimately periodic and consider

L(B) :={a € ¥¥ | @ and § have a common suffix}.

Exercise 3.3. Starting from Exercise 3.2 define a family of w-languages (L;)n>2 with the
following properties.

1. L, is recognized by a nondetermistic Biichi automaton with O(n) states.

2. Every deterministic Muller automaton that recognizes L, has got at least 2™ states.

Exercise 3.4. Let UP be the set of all w-words over {0,1} that are ultimately periodic.
Show that UP is not regular.

Exercise 3.5. Show that there is a regular w-language L C {a,b}*, which cannot be recog-
nized by a deterministic Muller automaton A = (Q, {a, b}, qo, d, F) with |F| = 1.
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Exercise 3.6. Let A; = (Q1,%,¢,01, F1) and Ay = (Q2,%, 3, da, F») be deterministic co-
Biichi automata.

(a) Show that the product automaton A of A; and Ay with final states (F; x Q2) U (Q1 X F»)
does in general not recognize the language L(A;) U L(Asg).

(b) Correct the construction from (a) such that the new automaton A’ recognizes L(A;) U

L(A3).
Exercise 3.7. Let L C 3 be an w-language. Show:

(a) If L is deterministically A-recognizable, then L is deterministically co-Biichi recogniz-
able.

(b) If L is deterministically E-recognizable, then L is deterministically co-Biichi recogniz-
able.

(c¢) If L is deterministically co-B”uchi recognizable, then L is nondeterministically Biichi
recognizable.

Exercise 3.8. Consider the w-language

L3 :={a € {0,1}* | a contains 00 infinitely often, but 11 only finitely often}.

(a) Show that Lg is Biichi recognizable.

(b) Show that Lj is neither recognizable by a deterministic Biichi automaton nor by a deter-
ministic co-Biichi automaton.

Exercise 3.9. Let U C ¥* be a finite language, and L := U - X¥.
(a) Show that L is both E- and A-recognizable.

(b) Show the converse: If an w-language L C ¥¢ is both E- and A-recognizable then there is
finite language U C ¥* such that L = U - ¥¢.

This shows that bounded specifications are captured by w-languages which are both E- and
A-recognizable.

Hint: For (b) it is useful to show that the complement of L is also E-recognizable. Then
consider, for a proof by contradiction, ¥* as a |X|-branching tree and apply Konig’s Lemma.

Exercise 3.10. The inclusion diagram shows the LTL-definable languages inside the hierar-
chy of w-languages.

regular

det. Biichi| "] det. co-Biichi
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(a) Show that the languages L, := B*1B%, Ls := {0¥}, L¢ := (0*1)*, and L7 := B*0¥ are
LTL-definable, i.e. these languages are located in the inner part of the diagram.

(b) Partly verify the inclusion diagram by providing w-languages for the two language classes
marked by dots.
Hint: Find counting versions of the appropiate LTL-definable w-languages mentioned in

(a).
Exercise 3.11.

(a) Construct Staiger-Wagner automata accepting the w-languages
Ly :={a € {a,b,c}*| if a occurs in a then b occurs later on}
and

Ly :={a € {a,b,c}* | a contains aa and before that

b only occurs in blocks of length < 2}.

(b) Let Ay = (Q1,%,},61,F1) and Ax = (Q2,%,q3, 02, F2) be Staiger-Wagner automata.
Construct the Staiger-Wagner product automaton A3 recognizing L(.A;) U L(Az). Verify
your construction.

Exercise 3.12. Show that for every n > 1 there is an w-language L,, which can be recognized
by a Staiger-Wagner automaton with n state sets as its accepting component. Also show that
the language cannot be recognized by a Staiger-Wagner automaton with less than n state sets
in its accepting component.

(a) For that matter use the alphabet ¥, = {ay,...,a,} and the language L,, = a{+---+a¥.
(b) Extend the result of (a) to languages over an alphabet with two elements.

Exercise 3.13. Show that the language, which is defined by the w-regular expression (0*1)%,
is not Staiger-Wagner recognizable. (Consider, assuming that such an SW-automaton with n
states exists, the w-word (0™1)“ in order to derive a contradiction.)

Exercise 3.14. Directly construct an equivalent deterministic Biichi automaton B for a
Staiger-Wagner automaton A = (@, X, qo,d,F). Hint: In order to simulate A, B needs to
memorize the visited states.

Exercise 3.15. A set F C 29 is closed under subloops if every subloop S’ C S of a loop
S € F also belongs to F. Let A= (Q, 3, qo0,9,F) be a Muller automaton. Show that

L(A) is co-Biichi recognizable <= F is closed under subloops.

Exercise 3.16. Decide whether the language recognized by the following Muller automaton
is E-recognizable or Biichi recognizable. Let F = {{2},{1,2,3}}.

If your answer is positive specify suitable automata with E- and Biichi acceptance conditions.
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Exercise 3.17.

(a) Find an w-language that is recognized by a parity automaton with colorset {1, 2,3} but
not by a parity automaton with a colorset {1,2}. (Hint: Landweber’s Theorem 3.32 for
(deterministic) Biichi automata).

(b) Propose a family L,, of w-languages, such that L, is recognized by a parity automaton
with colorset {1,...,n} but not by parity a automaton with color set {1,...,n —1}.

Exercise 3.18.

(a) Present (by direct construction) weak parity automata recognizing the w-languages L1, Lo
from Exercise 3.11.

(b) Show that L; cannot be recognized by a weak parity automaton with only two colors.



