CS 6101 MFCS Test-I, Aug. 2018

1. Let A be an n X n real matrix satisfying 27 Az > 0 for all 0 # x € R" (i.e., A is positive definite).
Show that A is non-singular.

Soln: Tt is sufficient prove that the columns of A are linearly independent and for that it is sufficient to
prove that whenever Az = 0 for any # € R" then = 0 (why?). Suppose Az = 0 then, 27 Az = 0.
By positive definiteness of A, this implies = 0, proved.

2. Consider R? with the standard inner product (). Let u = [1,1]7 and v = [1,0]”. Find a scalar value
a such that w = v — au satisfies (u, w) = 0.

Soln:  First normalize  to a unit vector. This gives u’ = 75[1, 1%, Now find v — (v, u)u’ =
)
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Tl U to get a vector perpendicular to v. Thus o = ol = Tl = WP — (ww) Calcula:

tions yield ¢ = %
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3. Let () be an inner product on the vector space V. For any two vectors u,v € V', we say u,v are
orthogonal (with respect to the inner product ()) if (’LL, ?}) = 0. Let by, by be arbitrary non zero vectors
in V. Find a scalar « such that by — aby is orthogonal to by.

Soln: This is just the generalization of the previous question. We have ov = (bg, Hz_ill) Hgil\ = EZ?IIB

It is easy to verify that for this value of «, (bl, by — abl) = 0.

4. Let () be an inner product on the vector space V. Let u,v € V be non zero vectors satisfying
(u, U) = (. Show that u, v are linearly independent.

Soln: Suppose au + Sv = 0. We have to prove that « = § = 0. Now au + fv = 0 =
(u,au + pv) =0 = a(u,u) + B(u,v) = 0. Now (u,v) = 0 because u, v are orthogonal.
Hence o(u,u) = 0. Since u # 0, we have (u, 1) > 0 and hence a = 0. Similarly 5 = 0.

5. Consider the vector space of polynomials of degree at most 4 with real coefficients. Consider the basis
1,(z—2),(z— 2)2, (x — 2)3, (x — 2)4 of this vector space. Find the coordinates of the polynomial
p(x) =1+ 2+ 2% + 2% + 2% with respect to this basis.

Soln: Let p(z) = ap + ai(x — 2) + az(z — 2)? + az(z — 3)> + a4(x — 4)*. Setting T = 2 we get
ag = p(2) = 31. Differentiating, we get p'(x)|y—2 = 49 = a;. One more differentiation step yields
P (x)|z=2 = 62 = 2as. Thus as = 31. Differentiating again, we get p"’(z)|,—2 = 54 = 6az. This
gives a3 = 9. Yet another differentiation yields p"”(z)|,—2 = 24 = 24ay yielding ay = 1.

6. For all u,v € R?, define (u, v) = ul Av where A = B (1)} s (’LL, U) an inner product on R2?

Soln: The only non-trivial property to check is positivity. That is, to show that for all [:E, y]A[I , y]T >
0 whenever x, Y are non-zero real numbers. But [z, y]A[z, y]T =222 +y? > 0if x # 0 # y.



