Integrality of Polyhedra

In this chapter we study properties of polyhedra P which ensure that the Linear Program
max {c"x:x € P} has optimal integral solutions.

Definition 4.1 (Integral Polyhedron)
A polyhedron P is called integral if every nonempty face of P contains an integral point.

Informally speaking, if we are optimizing over an integral polyhedron we get integrality for
free: the set of optimal solutions of z = max {ch 1X € F’} isaface F= {x €P:cTx= z}
of P, and, if each face contains an integral point, then there is also an optimal solution
which is also integral. In other words, for integral polyhedra we have

max{ch:xeP}:max{ch:xePﬁZ“}. 4.1)

Thus, the IP on the right hand side of (.I)) can be solved by solving the Linear Program on
the left hand side of (&.])).

A large part of the study of polyhedral methods for combinatorial optimization problems
was motivated by a theorem of Edmonds on matchings in graphs. A matching in an undi-
rected graph G = (V,E) is a set M C E of edges such that none of the edges in M share a
common endpoint. Given a matching M we say that a vertex v € V is M-covered if some
edge in M is incident with v. Otherwise, we call v M-exposed. Observe that the number
of M-exposed nodes is precisely |[V|—2|M|. We define:

PM(G) := {XM € BF : M is a perfect matching in G} 4.2)

to be the set of incidence vectors of perfect matchings in G.

We will show in the next section that a polyhedron P is integral if and only if P = conv(PN
Z™). Edmonds’ Theorem can be stated as follows:

Theorem 4.2 (Perfect Matching Polytope Theorem) For any graph G = (V,E), the con-
vex hull conv(PM(G)) of the perfect matchings in G (i.e. each vertexv €V is incident to
exactly one edge of the matching) is identical to the set of solutions of the following linear
system.

x(6(v)) =1 forallveV (4.3a)
x(8(S)) =1 forall S CV, |S| >3 odd (4.3b)
Xe =0 foralle € E. (4.3¢)
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Proof: See Theorem[4.23] O

Observe that any integral solution of (.3) is a perfect matching. Thus, if P denotes the
polyhedron defined by (@.3)), then by the equivalence shown in the next section the Perfect
Matching Polytope Theorem states that P is integral and P = conv(PM(G)). Edmond’s
results is very strong, since it gives us an explicit description of conv(PM(G)).

4.1 Equivalent Definitions of Integrality

We are now going to give some equivalent definitions of integrality which will turn out to
be quite useful later.

Theorem 4.3 Let P =P(A,b) be a pointed rational polyhedron. Then, the following state-
ments are equivalent:

(i) P is an integral polyhedron.

(ii) The LP max {CTX S P} has an optimal integral solution for all c € R™ where the
value is finite.

(iii) The LP max {CTX X € P} has an optimal integral solution for all c € Z™ where the
value is finite.

(iv) The value z'* = max{ch 1XE P} is integral for all ¢ € Z™ where the value is
finite.

(v) P=conv(PNZ™).
Proof: We first show the equivalence of statements (i)-(iv):

(i)=(ii) The set of optimal solutions of the LP is a face of P. Since every face contains an
integral point, there is an integral optimal solution.

(ii)=-(iii) trivial.

(iii)=-(iv) trivial.

(iv)=(i) Suppose that (i) is false and let x° be an extreme point which by assumption is
not integral, say component x? is fractional. By Theorem [3.37] there exists a vector
¢ € Z™ such that x° is the unique optimal solution of max {CTX 1X € P}. Since x° is

the unique optimal solution, we can find a large w € IN such that x° is also optimal

for the objective vector € :=c+ iej, where e; is the jth unit vector. Clearly, x0 must
then also be optimal for the objective vector € := wC = wc + ¢;. Now we have

e —we™% = (we™x+ e]-Txo) —we™x0 = eijo = x?.

Hence, at least one of the two values &' x? and ¢ Tx" must be fractional, which con-
tradicts (iv).

We complete the proof of the theorem by showing two implications:

(i)=-(v) Since P is convex, we have conv(PNZ™) C P. Thus, the claim follows if we can
show that P C conv(PNZ™). Letv € P, thenv = ZkeK Aex¥ —|—Zj€] w7, where

the x* are the extreme points of P and the 17 are the extreme rays of P. By (i) every
x¥ is integral, thus ), - Akx* € conv(PNZ™). Since by Observation [3.67] the
extreme rays of P and conv(P NZ™) are the same, we get that v € conv(PNZ™).
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(v)=-(iv) Letc € Z™ be an integral vector. Since by assumption conv(PNZ™) =P, the LP
max {c'x:x € P} has an optimal solution in PNZ™ (If x =} ; x* € conv(PNZ™)
is a convex combination of points in PN Z™, then cTx < max; cTxt (cf. Observa-
tion 2.2)). Thus, the LP has an integral value for every integral ¢ € Z™ where the
value is finite.

This shows the theorem. O

Recall that each minimal nonempty face of P(A,b) is an extreme point if and only if
rank(A) = n (Corollary B.27). Thus, we have the following result:

Observation 4.4 A nonempty polyhedron P = P(A,b) with rank(A) = n is integral if and
only if all of its extreme points are integral. O

Moreover, if P(A,b) C RT is nonempty, then rank(A) =n. Hence, we also have the
following corollary:

Corollary 4.5 A nonempty polyhedron P C R is integral if and only if all of its extreme
points are integral. O

4.2 Matchings and Integral Polyhedra I

As mentioned before, a lot of the interest about integral polyhedra and their applications in
combinatorial optimization was fueled by results on the matching polytope. As a warmup
we are going to prove a weaker form of the perfect matching polytope theorem due to
Birkhoff.

A graph G = (V, E) is called bipartite, if there is a partition V=A UB, ANB = & of the
vertex set such that every edge e is of the form e = (a,b) witha € A and b € B.

Lemma 4.6 A graph G = (V,E) is bipartite if and only if it does not contain an odd cycle.

Proof: Let G = (V,E) be bipartite with bipartition V = A UB. Assume for the sake of a
contradiction that C = (v1,Vy,...,Vax_1,V2k = V1) is an odd cycle in G. We can assume
that vi € A. Then (v{,v;) € E implies that v; € B. Now (v;,v3) € E implies v3 € A.
Continuing we get that vo; | € A and vp; € B fori=1,2,.... But since v{ = v, we have
v € ANB = g, which is a contradiction.

Assume conversely that G = (V, E) does not contain an odd cycle. Since it suffices to show
that any connected component of G is bipartite, we can assume without loss of generality
that G is connected.

Choose 1 € V arbitrary. Since G is connected, the shortest path distances from v to all
v € V are finite. We let

A ={veV:d(v)iseven}
B={veV:d(v)is odd}

This gives us a partition of V with r € A. We claim that all edges are between A and B.
Let (u,v) € E and suppose that u,v € A. Clearly, |d(u) — d(v)| < 1 which gives us that
d(u) =d(v) =2k. Letp =1,vy,...,vox =V and q =T,uUq,..., Uy = U be shortest paths
from r to v and u, respectively. The paths might share some common parts. Let v; and
u; be maximal with the property that vi =u; and the paths viq,...,v and uj1,...,uare
node disjoint. Observe that we must have that 1 = j since otherwise one of the paths could
not be shortest. But then vi,viyq,...,Voxk =V, u=Upk,Usk—_1,..., Ui =Vj is a cycle of odd
length, which is a contradiction. d
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Theorem 4.7 (Birkhoff’s Theorem) Let G be a bipartite graph. Then, conv(PM(G)) =
P, where P is the polytope described by the following linear system:

x(8(v)) =1 forallveV (4.4a)
Xe >0 forall e € E. (4.4b)

In particular, P is integral.

Proof: Clearly conv(PM(G)) C P. To show that conv(PM(G)) = P let x be any ex-
treme point of P. Assume for the sake of a contradiction that x is fractional. Define
E:={e € E:0< xe < 1} to be set of “fractional edges”. Since x(5(v)) =1 forany v € V,
we can conclude that any vertex that has an edge from E incident with it, in fact is incident
to at least two such edges from E. Thus, E contains an even cycle C (by Lemma the
graph G does not contain any odd cycle). Let y be a vector which is alternatingly +1 for
the edges in C and zero for all other edges. For small € > 0 we have x == ey € P. But then,
X can not be an extreme point. a

Observe that we can view the assignment problem (see Example [LL6) as the problem of
finding a minimum cost perfect matching on a complete bipartite graph. Thus, Birkhoff’s
theorem shows that we can solve the assignment problem by solving a Linear Program.

Remark 4.8 The concept of total unimodularity derived in the next section will enable us
to give an alternative proof of Birkhoff’s Theorem.

4.3 Total Unimodularity

Proving that a given polyhedron is integral is usually a difficult task. In this section we
derive some conditions under which the polyhedron

P7(A,b) ={x:Ax=Db,x > 0}

is integral for every integral right hand side b.

As a motivation for the following definition of total unimodularity, consider the Linear
Program

(LP) max {CTX tAx=Db,x > 0} , 4.5)

where rank A = m. From Linear Programming theory, we know that if (4.3)) has a feasible
(optimal) solution, it also has a feasible (optimal) basic solution, that is, a solution of the
form x = (xg,xNn), where xg = AjB'b and xy =0 and A. g is an m X m nonsingular
submatrix of A indexed by the columns in B C{1,...,n}, |B| =m. Here, N ={1,...,n}\ B.

Given such a basic solution x = (xg,xn ) we have by Cramer’s rule:

det(By) .
i =——>= f B,
Xi det(Ap) orie
where Bj is the matrix obtained from Ap by replacing the ith column by the vector b.
Hence, we conclude that if det(Apg) = £1, then each entry of xg will be integral (provided
b is integral as well).

Definition 4.9 (Unimodular matrix, totally unimodular matrix)

Let A be an m x n-matrix with full row rank. The matrix A is called unimodular if all
entries of A are integral and each nonsingular m X m-submatrix of A has determinant £1.
The matrix A is called totally unimodular, if each square submatrix of A has determinant
+1 or 0.
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4.3 Total Unimodularity

Since every entry of a matrix forms itself a square submatrix, it follows that for a totally
unimodular matrix A every entry must be either +1 or 0.

Observation 4.10 (i) A is totally unimodular, if and only if AT is totally unimodular.
(ii) A is totally unimodular, if and only if (A, 1) is unimodular.
A

(iii) A is totally unimodular, if and only if is totally unimodular.

—A
I
—I

We now show that a Linear Program with a (totally) unimodular matrix always has an
integral optimal solution provided the optimum is finite. Thus, by Theorem .3 we get that
the corresponding polyhedron must be integral.

Theorem 4.11 Let A be an m X n matrix with integer entries and linearly independent
rows. The polyhedron {x € R™: Ax =b,x > 0} is integral for all b € Z™ if and only if A
is unimodular.

Proof: Suppose that A is unimodular and b € Z™ is an integral vector. By Corollary
it suffices to show that all extreme points of {x : Ax = b,x > 0} are integral. Let X be such
an extreme point. Since A has full row rank, there exists a basis B C {1,...,n}, |B| =
such that xg = ATBlb and XN = 0. Since A is unimodular, we have det(A. g) = %1 and by
Cramer’s rule we can conclude that X is integral.

Assume conversely that {x : Ax = b, x > 0} is integral for every integral vector b. Let B be
a basis of A. We must show that det(A. B) £1. Let X be the extreme point corresponding
to the basis B. By assumption Xg = A b is integral for all integral b such that xg > 0.
Consider for j €{1,.. m} and some z 6 Z“ the vector wj := A. gz + ej, where eJ is the
jth unit vector. Then A BwJ =z+A7] e] We can choose z € Z™ such that A Bw) >0
forall j =1,...,m. Thus from z € Z“ and A Bw] € Z™ we can conclude that A e] is
integral for all j, which gives that A must be integral. Thus, it follows that det(A B) =
1/det(A. ) is integral. On the other hand det(A. ) is also integral by the integrality of A.
Hence, det(A.,B) +1 as required. a

We use the result of the previous theorem to show the corresponding result for the polyhe-
dron {x : Ax < b,x > 0}.

Corollary 4.12 (Integrality-Theorem of Hoffmann and Kruskal) Let A be an m xn
matrix with integer entries. The matrix A is totally unimodular if and only if the poly-
hedron P(b) :={x: Ax < b,x > 0} is integral for all b € Z™.

Proof: The proof is very simular to Theorem H.T1] It is easy to see that x is an extreme
point of P(b) if and only if (x,y) is an extreme point of

{(x,y) : Ax+ Iy =b,x,y,= 0},

where y is uniquely determined by y = b — Ax. Thus, if A is totally unimodular, then
(A, 1) is (totally) unimodular and integrality of P(b) follows directly from Theorem .11l

Assume now conversely that P(b) is integral for each integral b. Let A; be a k x k-

submatrix of A and let
= Aq 0
A=
<A2 Imk)
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be the m x m-submatrix of (A,I) generated from A by taking the appropriate m —k unit
vectors from I. Notice that A is nonsingular if and only if A; is. Consider the vectors
wj:=Az+ej,j=1,...,m. Then A~'w; =z+A~'ej. We can choose z € Z™ such that
A7'w; >0 forall j =1,...,m. Hence, z+ A~ 'e;j is the vector of basis variables of an
extreme point of P(b) which by assumption is integral. Again, we can conclude that A ™!
is integral and so must be Al_l. By the same argument as in Theorem [.11] we get that
det(A;) e {+1,—1}. O

The Integrality-Theorem of Hoffmann and Kruskal in conjunction with Observation |4.10]
yields more characterizations of totally unimodular matrices.

Corollary 4.13 Let A be an integral matrix. Then the following statements hold:

(a) A is totally unimodular, if and only if the polyhedron {x :a < Ax < b,l<x < u}is
integral for all integral a,b,1,u.

(b) A is totally unimodular, if and only if the polyhedron {x : Ax = b,0 < x < u} is inte-
gral for all integral b, .

4.4 Conditions for Total Unimodularity

In this section we derive sufficient conditions for a matrix to be totally unimodular.

Theorem 4.14 Let A be any m X n matrix with entries taken from {0,+1,—1} with the
property that any column contains at most two nonzero entries. Suppose also that there
exists a partition M| UM, ={1,...,m} of the rows of A such that every column j with two
nonzero entries satisfies: ) i, Gij = 2_iem, Gij- Then, A is totally unimodular.

Proof: Suppose for the sake of a contradiction that A is not totally unimodular. Let B be a
smallest square submatrix such that det(B) ¢ {0,+1,—1}. Obviously, B can not contain any
column with at most one nonzero entry, since otherwise B would not be smallest. Thus,
any column of B contains exactly two nonzero entries. By the assumptions of the theorem,
adding the rows in B that are in M and subtracting those that are in M, gives the zero
vector, thus det(B) = 0, a contradiction! O

Example 4.15
Consider the LP-relaxation of the assignment problem.

n o n
min Z Z Cijxij (46&)

i=1j=1

n

Zxﬁzl forj=1,...,n (4.6b)
i=1

n

injzl fori=1,....n (4.6¢)
j=1

0<x<1, (4.6d)

We can write the constraints (£.6b) and as Ax = 1, where A is the node-edge inci-
dence matrix of the complete bipartite graph G = (V,E) (Figure 1] shows the situation
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for n = 3). The rows of A correspond to the vertices and the columns to the edges. The
column corresponding to edge (u,Vv) has exactly two ones, one at the row for 1 and one at
the row for v. The fact that G is bipartite V = A U B, gives us a partition A U B of the rows
such that the conditions of Theorem .14 are satisfied. Hence, A is totally unimodular.

X117
X127

X137/
111 13
X211

] ] ] 2T
1 1 1 23!
X317

|
—_ e = = e =

X327
X33/

(b) Complete bipartite
(a) Constraint system graph

Figure 4.1: The matrix of the assignment problem as the node-edge incidence matrix of a
complete bipartite graph.

We derive some other useful consequences of Theorem (4,14

Theorem 4.16 Let A be any m X n matrix with entries taken from {0,+1,—1} with the
property that any column contains at most one +1 and at most one —1. Then A is totally
unimodular.

Proof: First, assume that A contains exactly two nonzero entries per column. The fact that
A is totally unimodular for this case follows from Theorem (.14 with M; ={1,...,m}
and M, = @. For the general case, observe that a column with at most one nonzero
from {—1,+1} can not destroy unimodularity, since we can develop the determinant (of
a square submatrix) by that column. a

The node-arc incidence matrix of a directed network G = (V,A) is the n x m-Matrix
M(A) = (Mmyy) such that

+1 ifa=(,j)and x =j
Myq =14 —1 ifa=(i,j)andx =1

0 otherwise

The minimum cost flow problem can be stated as the following Linear Program:

min Y c(ij)x(i.j) (4.7a)
(ij)eA
> oxGi)- Y x(Lj) =b) forallieV (4.7b)
j:(,1)€EA j:(Lj)EA
0 <x(1,j) <ui,j) for all (1,j) € A 4.7¢)

By using the node-arc incidence matrix M = M(A), we can rewrite (@.7) as:
min{ch:Mx:b,ngéu}, 4.8)

where b is the vector of all required demands.
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Corollary 4.17 The node-arc incidence matrix of a directed network is totally unimodular.
Proof: The claim follows immediately from Theorem[4.16 and Corollary £.13] O
We close this section by one more sufficient condition for total unimodularity.

Theorem 4.18 (Consecutive ones Theorem) Let A be any m X n-matrix with entries
from {0, 1} and the property that the rows of A can be permutated in such a way that all 1s
appear consecutively. Then, A is totally unimodular.

Proof: Let B be a square submatrix of A. Without loss of generality we can assume
that the rows of A (and thus also of B) are already permuted in such a way that the ones
appear consecutively. Let blT, .. ,b{ be the rows of B. Consider the matrix B’ with rows
bl —bJ,b] —bl,...,b] | —b],by. The determinant of B’ is the same as of B.

Any column of B’ contains at most two nonzero entries, one of which is a —1 (one before
the row where the ones in this column start) and a +1 (at the row where the ones in this
column end). By Theorem[4.16] B’ is totally unimodular, in particular det(B’) = det(B) €
{0,+1,—1}. O

4.5 Applications of Unimodularity: Network Flows

We have seen above that if M is the node-arc incidence matrix of a directed graph, then the
polyhedron {x : Mx =b,0 < x < u} is integral for all integral b and u. In particular, for
integral b and u we have strong duality between the IP

max{ch:Mx:b,ngéu,XEZ“} 4.9
and the dual of the LP-relaxation
min{bTZ+uTy:MTz+y =y 20}. (4.10)

Moreover, if the vector c is integral, then by total unimodularity the LP (4.10) has always
an integral optimal solution value.

4.5.1 The Max-Flow-Min-Cut-Theorem

As an application of the strong duality of the problems and (@.10) we will establish
the Max-Flow-Min-Cut-Theorem.

Definition 4.19 (Cut in a directed graph, forward and backward part)
Let G = (V,A) be a directed graph and SUT =V a partition of the node set V. We call
(S,T) the cut induced by S and T. We also denote by
5T(S):={(l.j)eA:i€SundjeT}
07 (S)={(,i)eA:jeTundieS}
the forward part and the backward part of the cut. The cut (S,T) is an (s,t)-cut if s € S
andteT.

Ifu: A — Ry is a capacity function defined on the arcs of the network G = (V,A) and
(S,T) is a cut, then the capacity of the cut is defined to be the sum of the capacities of its
forward part:

u(dt(S) = ) ufwv)

(u,v)e(Ss,T)

File: —sourcefile~ Revision: —revision— Date: 2013/12/11 ~time-GMT



4.5 Applications of Unimodularity: Network Flows

53

(a) An (s,t)-cut (S,T) in a directed (b) The forward part 51 (S) of the cut:
graph. The arcs in 6T (S)U & (S) are Arcs in 81 (S) are shown as dashed arcs.

shown as dashed arcs.
A
|
|
s @ OX

(c) The backward part &~ (S) of the cut:
arcs in 6~ (S) are shown as dashed arcs.

Figure 4.2: A cut (S, T) in a directed graph and its forward part 5 (S) and backward part
3 (S).
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Figure [4.2] shows an example of a cut and its forward and backward part.

Let f be an (s,t)-flow and (S, T) be an (s,t)-cut in G. For a node 1 € V we define by

excess¢(i Z f(a Z f(a) 4.11)

aced—(v) aedt(v)

the excess of i with respect to f. The first term in (.IT)) corresponds to the inflow into 1,
the second term is the outflow out of i. Then we have:

val(f) = —excess¢ (s Z excess¢(1
ie$S
=Y | Y faj- ) 6.0 (4.12)
ieS \ (i,j)eA (G.)eA

If for an arc (x,y) both nodes x and y are contained in S, then the term f(x,y) appears
twice in the sum (.12), once with a positive and once with a negative sign. Hence, (.12)

reduces to
val(f Z f(a Z f(a (4.13)

aedst(s) acd(S)

Using that f is feasible, that is, 0 < f(1,j) < u(i,j) for all arcs (i,j), we get from @.I3):

val(f)= Y fla Z fla)< Y ula)=u(5%(S)).

acdt(S) acd— ae&+(5)

Thus, the value val(f) of the flow is bounded from above by the capacity (57 (S))) of the
cut. We have proved the following lemma:

Lemma 4.20 Let f be an (s,t)-flow and (S,T) an (s,t)-cut. Then:
val(f) <u(87(S)).
Since f and [S,T] are arbitrary we deduce that:

max val(f) < min u(87(8)). (4.14)
fisan (s,t)-flowin G (S,T)isan (s,t)-cutin G

d

We are now ready to prove the famous Max-Flow-Min-Cut-Theorem of Ford and Fulker-
son:

Theorem 4.21 (Max-Flow-Min-Cut-Theorem) Let G = (V, A) be a network with capac-
ities w: A — R, then the value of a maximum (s,t)-flow equals the minimum capacity of
n (s,t)-cut.

Proof: We add a backward arc (t,s) to G. Call the resulting graph G’ = (V,A’), where
A’ = AU{(t,s)}. Then, we can write the maximum flow problem as the Linear Program

z=max{xts : Mx =0,0 <x < u}, (4.15)

where M is the node-arc incidence matrix of G’ and u(t,s) = +co. We know that M is
totally unimodular from Corollary &.17} So, (£I3) has an optimal integral solution value
for all integral capacities u. By Linear Programming duality we have:

max{xis : Mx =0,0 < x <u}=min {uTy : MTz+y > X(t’s),y > 0},
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where X(t’s) is the vector in R” which has a one at entry (t,s) and zero at all other entries.
We unfold the dual which gives:

W = min Z UijYij (4.16a)
(Lj)eA
zi—zj+yi =0 for all (i,j) € A (4.16b)
zy—2zs =1 (4.16¢)
Yy =0 for all (i,j) € A (4.16d)

There are various ways to see that (4.16) has an optimum solution which is also integral,
for instance:

e The constraint matrix of @.16)) is of the form (M 1) and, from the total unimodular-
ity of M it follows that (MT1) is also totally unimodular. In particular, @.16)) has an
integral optimal solution for every integral right hand side (and our right hand side is
integral!).

e The polyhedron of the LP is integral by total unimodularity. Thus, it has
an optimum integer value for all integral capacities (the objective is also integral).
Hence, by LP-duality .16 has an optimum integral value for all integral objec-
tives (which are the capacities). Hence, by Theorem [4.3] the polyhedron of (.16 is
integral and (Z.16) has an optimum integer solution.

Let (y*,z*) be such an integral optimal solution of (.16). Observe that replacing z* by
z* — ¢ for some « € R does not change anything, so we may assume without loss of
generality that z7 = 0.

Since (y*,z*) is integral, the sets S and T defined by

S:={veV:z; <0}
T=eV:zi>1}
induce an (S, T)-cut. Then,
w= Z uijyy = Z Uiy = wii( 5 — 2z ) >u(d"(S)).
(ij)EA (Lj)esH(S) ijest(s) 7 X

>1 <0

Thus, the optimum value w of the dual (.16) which by strong duality equals the maximum
flow value is at least the capacity u(8" (S)) of the cut (S, T). By Lemma.20it now follows
that (S, T) must be a minimum cut and the claim of the theorem is proved. O

4.6 Matchings and Integral Polyhedra I1

Birkhoff’s theorem provided a complete description of conv(PM(G)) in the case where
the graph G = (V,E) was bipartite. In general, the conditions in (@4) do not suffice to
ensure integrality of every extreme point of the corresponding polytope. Let FPM(G) (the
fractional perfect matching polytope) denote the polytope defined by (£.4). Consider the
case where the graph G contains an odd cycle of length 3 (cf. Figure [4.3)).

The vector X with e, = K¢, = Xe; = ey = X = Xe; = 1/2 and K, = 0 is contained
in FPM(G). However, X is not a convex combination of incidence vectors of perfect match-
ings of G, since {e3,e4,es} is the only perfect matching in G. However, the fractional
matching polytope FPM(G) still has an interesting structure, as the following theorem
shows:
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Figure 4.3: In an odd cycle, the blossom inequalities are necessary to ensure integrality of
all extreme points.

Theorem 4.22 (Fractional Perfect Matching Polytope Theorem) Ler G = (V,E) be a
graph and x € FPM(G). Then, x is an extreme point of FPM(G) if and only if x. €
{0,1/2,1} for all e € E and the edges e for which x. = 1/2 form node disjoint odd cycles.

Proof: Suppose that X is a half-integral solution satisfying the conditions stated in the
theorem. Define the vector w € R™ by we = —1 if X, =0 and w, =0 if X > 0. Consider
the face F = {x € FPM(G) :w'x = 0}. Clearly, X € F. We claim that F ={X} which shows
that % is an extreme point.

For every x € F we have

O:WTX:— Z \Xe/-

ecE:Xe=0 >0

Thus x. = 0 for all edges such that X, = 0. Now consider an edge e where X, = 1/2. By
assumption, this edge lies on an odd cycle C. It is now easy to see that the values of x on
the cycle must be alternatingly 6 and 1—0 since x(8(v)) =1 for all v € V (see Figure [d.4).
The only chance that x € FPM(G) is © = 1/2 and thus x = X.

%51 =1/2,x12=06 R12=1/2,x12=06

Xas=1/2,x12=1-0 X3 =1/2,x1p=1-0

X3 =1/2,%x12 =0

Figure 4.4: If % satisfies the conditions of Theorem [.22]it is the only member of the face
F={x e FPM(G): w'x =0}.

Assume conversely that X is an extreme point of FPM(G). We first show that X is half-
integral. By Theorem [3.37]there is an integral vector ¢ such that X is the unique solution of
max {c"x:x € FPM(G)}.

Construct a bipartite graph H = (V,En) from G by replacing each node v € V by two
nodes v/,v"" and replacing each edge e = (u,v) by two edges e’ = (u’,v”’) and e” =
(v/,u”) (see Figure [4.3] for an illustration). We extend the weight function ¢: E — R to
En by setting c(u’,v"’) =c(v/,u”) =c(u,v).
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Xear hé2riginal graph G.

(b) The bipartite graph H.

Figure 4.5: Construction of the bipartite graph H in the proof of Theorem

Observe that, if x € FPM(G), then x’ defined by x!, , =X/, = Xuy is a vector
in FPM(H) of twice the objective function value of x. Conversely, if x’ € FPM(H), then
Xuv = %(Xﬁ’v” +x!, /) is a vector in FPM(G) of half of the objective function value
of x'.

By Birkhoff’s Theorem (Theorem[4.7)), the problem

//-v/

max {CTXH IXH € FPM(H)}

has an integral optimal solution xj;. Using the correspondence Xy, = %(Xz'v” +X )
we obtain a half-integral optimal solution to

max{ch:x € FPM(G)}.

Since X was the unique optimal solution to this problem, it follows that X must be half-
integral.

If X is half-integral, it follows that the edges {e : X = 1/2} must form node disjoint cycles
(every node that meets a half-integral edge, meets exactly two of them). As in the proof
of Birkhoff’s Theorem, none of these cycles can be even, since otherwise X is no extreme
point. O

With the help of the previous result, we can now prove the Perfect Matching Polytope
Theorem, which we restate here for convenience.

Theorem 4.23 (Perfect Matching Polytope Theorem) For any graph G = (V,E), the
convex hull conv(PM(G)) of the perfect matchings in G is identical to the set of solutions
of the following linear system:

x(6(v)) =1 forallveV (4.17a)
x(8(S)) =1 forall S CV, |S| >3 odd (4.17b)
Xe =0 foralle € E. (4.17¢)

The inequalities (4.I7DB) are called blossom inequalities.
Proof: We show the claim by induction on the number |V| of vertices of the graph G =

(V,E). If [V| = 2, then the claim is trivial. So, assume that [V| > 2 and the claim holds for
all graphs with fewer vertices.
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Let P be the polyhedron defined by the inequalities .17) and let x” € P be any extreme
point of P. Since conv(PM(G)) C P, the claim of the theorem follows if we can show that
x’ € PM(G). Since {x'} is a minimal face of conv(PM(G)), by Theorem [3.6] there exist a
subset E/ C E of the edges and a family 8’ of odd subsets S C V such that x’ is the unique
solution to:

x(0(v)) =1 forallveV (4.18a)
x(8(S)) =1 forall S € 8’ (4.18b)
Xe =0 foralle e E’. (4.18¢c)

Casel: 8’ =0.

In this case, x’ is a vertex of FPM(G). By Theorem x’ is half-integral and the
fractional edges form node-disjoint odd cycles. On the other hand, x’ satisfies the blossom
inequalities which is a contradiction.

Case2: 8’ £@.

Fix S € 8, by definition we have x’(5(S)) = 1. Notice that |S| is odd. The complement
S:= V\ S need not be of odd cardinality, but observe that, if Sis of even cardinality, then G
does not contain a perfect matching (since the total number of vertices is odd in this case).

Let GS and G5 be the graphs obtained from G by shrinking S and S=V\Stoa single
node (see Figure &.6). Let x5 and x> be the restriction of x” to the edges of G® and G,
respectively. By construction, x*(8(S)) =x'(6(S) =1 fori=S,S.

shrink S

shrink S =V\ 'S

GS

Figure 4.6: Graphs GS and GS obtained from G by shrinking the odd set S and V'\ S in the
proof of Theorem [£.23]

It is easy to see that x5 and x5 satisfy the constraints (@.17) with respect to G S and GS: ,
respectively. Thus, by the induction hypothesis, we have x* € conv(PM(G")) for i1 =S,S.
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Hence, we can write x' as convex combinations of perfect matchings of G':

k
1 S
S _ M
X _E,EIX j 4.19)
j=

k
s 1 §
s_ L M
= .ZX j (4.20)
j=l1
Here, we have assumed without loss of generality that in both convex combinations the
number of vectors used is the same, namely k. Also, we have assumed a special form of
the convex combination which can be justified as follows: x’ is an extreme point of P and
thus is rational. This implies that x*, 1 =S, S are also rational. Since all A; are rational, any
convex combination Z]. ?\jyj can be written l?y using common denominator k as Zj %yj,
where all w; are integral. Repeating vector y’ exactly p; times, we get the form %Z) 2z,

For e € §(S) the number of j such that e € M)S is kx3 = kx/ = kx5. This is the same
number of j such that e € M]s Again: for every e € §(S) the number of j such that e € MJS
is the same as the number of j with e € M]S Thus, we can order the M)l so that MJS
and l\/l]S share an edge in 5(S) (any M}, i =S, S has exactly one edge from 5(S)). Then,

M; = Mjs U l\/l]-g is a perfect matching of G since every vertex in G is matched and no
vertex has more than one edge incident with it.

Let Mj = MJS U l\/l]g Then we have:

1
/I _ M,
X =% E x . 4.21)

Since M is a perfect matching of G we see from (4.2) that x” is a convex combination of
perfect matchings of G. Since x’ is an extreme point, it follows that x’ must be a perfect
matching itself. O

4.7 Total Dual Integrality

Another concept for proving integrality of a polyhedron is that of total dual integrality.

Definition 4.24 (Totally dual integral system)
A rational linear system Ax < b is totally dual integral (TDI), if for each integral vector c
such that

2P = max {CTX cAx < b}

is finite, the dual
min {bTy :ATy =cy= O}

has an integral optimal solution.

Theorem 4.25 [f Ax < b is TDI and b is integral, then the polyhedron P ={x: Ax < b} is
integral.

Proof: If Ax < bis TDI and b is integral, then the dual Linear Program
min {bTy :ATy =cy= O}
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has an optimal integral objective value if it is finite (the optimal vector y* is integral and b
is integral by assumption, so bTy* is also integral). By LP-duality, we see that the value

7P :max{ch tAx < b}

is integral for all ¢ € Z™ where the value is finite. By Theorem [4.3[iv), the polyhedron P
is integral. o

Example 4.26

Let G = (AUB,E) be a complete bipartite graph. Suppose we wish to solve a generalized
form of STABLESET on G in which we are allowed to pick a vertex more than once. Given
weights cqp for the edges (a,b) we want to solve the following Linear Program:

max ) wyxy (4.22a)
vev
Xa+Xp < Cab forall (a,b) € E (4.22b)

We claim that the system of ineqalities X +Xp < Cqp (a,b) € A is TDI. The dual of (£.22)
is given by:

min Y CabYab (4.23a)
(a,b)€E
D Yab=wa foralla e A (4.23b)
beB
D Yab=wp forallb € B (4.23¢)
acA
Yab =0 forall (a,b) € A. (4.23d)

The constraint matrix of (£.23)) is the constraint matrix of the assignment problem, which
we have already shown to be totally unimodular (see Example [.13). Thus, if the weight
vector w is integral, then the dual (4.23)) has an optimal integral solution (if it is feasible).

<

It should be noted that the condition “and b is integral” in the previous theorem is cru-
cial. It can be shown that for any rational system Ax < b there is an integer w such that
(1/w)Ax < (1/w)b is TDI. Hence, the fact that a system is TDI does not yet tell us any-
thing useful about the structure of the corresponding polyhedron.

We have seen that if we find a TDI system with integral right hand side, then the corre-
sponding polyhedron is integral. The next theorem shows that the converse is also true: if
our polyhedron is integral, then we can also find a TDI system with integral right hand side
defining it.

Theorem 4.27 Let P be a rational polyhedron. Then, there exists a TDI system Ax < b
with A integral such that P = P(A,b). Moreover, if P is an integral polyhedron, then b can
be chosen to be integral.

Proof: Let P ={x € R™: Mx < d} be a rational polyhedron. If P = &, then the claim is
trivial. Thus, we assume from now on that P is nonempty. Since we can scale the rows of M
by multiplying with arbitrary scalars, we can assume without loss of generality that M has
integer entries. We also assume that the system Mx < d does not contain any redundant
rows. Thus, for any row miT of M there is an x € P with miTx =dj.

LetS = {s eZ":s= MTy,O <y < 1} be the set of integral vectors which can be written
as nonnegative linear combinations of the rows of M where no coefficient is larger than one.
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Since y comes from a bounded domain and S contains only integral points, it follows that
S is finite. For s € S we define

z(s) = max{sTx:x € P}.
T

Observe that, if s € S, say s = Z?llyimi, and x € P, then m; x < d; which means
yimiTx <yidi fori=1,...,m, from which we get that

m m m
sTx=Y yim{x<) yidi <) ldil.
i=1 i=1 i=1

Thus, sTx is bounded on P and z(s) < +oo for all s € S. Moreover, the inequality sTx <
z(s) is valid for P. We define the system Ax < b to consist of all inequalities s'x < z(s)
with s € S.

Every row miT of M is a vector in S (by assumption M is integral and miT is a degenerated
linear combination of the rows, namely with coefficient one for itself and zero for all other
rows). Since miTx < d; for all x € P, the inequality miTx < d; is contained in Ax < b.
Furthermore, since we have only added valid inequalities to the system, it follows that

P ={x:Ax <b}. (4.24)

If P is integral, then by Theorem 43| the value z(s) is integral for each s € S, so the system
Ax < b has an integral right hand side. The only thing that remains to show is that Ax < b
is TDL

Let ¢ be an integral vector such that ZP = max {ch tAx < b} is finite. We have to
construct an optimal integral solution to the dual

min {bTy : ATy =c,y= O} . (4.25)
We have
2P = max{c"x: Ax < b}
:max{ch XGP} (by @.24))
:max{ch Mx < d}
— min {dTy MTy=cy> 0} (by LP-duality).  (4.26)

Let y* be an optimal solution for the problem in .26) and consider the vector § =
MT(y* —|y*|). Observe that y — |y*| has entries in [0, 1]. Morever 5 is integral, since
§=MTy*—MT|y*| =c—MT|y*| and c, MT and |y*] are all integral. Thus, 5 € S.
Now,

z(8) = max {§Tx X € P}
— min {dTy My =5y > 0} (by LP-duality).  (4.27)
The vector y* — |y*| is feasible for (@.27)) by construction. If v is feasible for (.27), then
v+ |y*] is feasible for @.26). Thus, it follows easily that y — [y* | is optimal for @.27).
Thus, z(3) = d" (y* —|y*]), or

2P =dTy* =2(5)+d" |y*). (4.28)
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Consider the integral vector § defined as |y* | for the dual variables corresponding to rows
in M, one for the dual variable corresponding to the constraint 5" x < z(5) and zero every-
where else. Clearly, §j > 0. Moreover,

ATg=) ges=MT|y*|+1-5=M"|y* |+ M (y*— [y")) =MTy* =c.
sES
Hence, { is feasible for (4.23). Furthermore,

ng =z(5)+d" ly*] P

Thus, § is an optimal integral solution for the dual (@.23). O

4.8 Submodularity and Matroids

In this section we apply our results about TDI systems to prove integrality for a class of
important polyhedra.

Definition 4.28 (Submodular function)
Let N be a finite set. A function f: 2N — R is called submodular, if

f(A)+f(B) > f(ANB)+f(AUB) forall A,B CN. (4.29)
The function is called nondecreasing if

f(A) < f(B) for all A,B C N with A C B. (4.30)

Usually we will not be given f “explicitly”, that is, by a listing of all the 2Nl pairs
(A,f(A)). Rather, we will have access to f via an “oracle”, that is, given A we can compute
f(A) by a call to the oracle.

Example 4.29
(i) The function f(A) = |A] is nondecreasing and submodular.

(i) Let G = (V,E) be an undirected graph with edge weights u: E — IR;.. The func-
tion f: 2¥ — R defined by f(A) := ZeEB(A) u(e) is submodular but not neces-
sarily nondecreasing.

<

Definition 4.30 (Submodular polyhedron, submodular optimization problem)
Let f be submodular and nondecreasing. The submodular polyhedron associated with f is

P(f):=¢x€RT: > x5 <f(S)forall SCN. (4.31)
jES
The submodular optimization problem is to optimize a linear objective function over P(f):

max{ch X E P(f)}.

Observe that by the polynomial time equivalence of optimization and separation (see Sec-
tion[3.4) we can solve the submodular optimization problem in polynomial time if we can
solve the corresponding separation problem in polynomial time: We index the polyhedra
by the finite sets N, and it is easy to see that this class is proper.

We now consider the simple Greedy algorithm for the submodular optimization problem
described in Algorithm [£Il The surprising result proved in the following theorem is that
the Greedy algorithm in fact solves the submodular optimization problem. But the result is
even stronger:
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Algorithm 4.1 Greedy algorithm for the submodular optimization problem.

GREEDY-SUBMODULAR
1 Sort the variables such thatc; > ¢y > - 2 e >0 2= cxqy 2 -+ 2> cn. .
2 Set xi :=f(SY)—f(St" 1) fori=1,....k and Xl—OfOI'l—kJrl .,n, where S' =
{1,...,i}and S° = &

Theorem 4.31 Let f be a submodular and nondecreasing function with f(&) =0, ¢: N —
R be an arbitrary weight vector.

(i) The Greedy algorithm solves the submodular optimization problem for maximizing
cTx over P(f).

(ii) The system [{.31) is TDI.
(iii) For integral valued f, the polyhedron P(f) is integral.

Proof:

(i) Since f is nondecreasing, we have x; = f(S*) —f(S*"!) >0 fori=1,...,k. Let
S € N. We have to show that } ;- x;j < f(S). By the submodularity of f we have

forjeS:
=A =B =AUB =ANB
f(SNS)+f(S )= S )+£(S'nS)
SS9 —f(SHA <f(SNS)—f(S~'NS) (4.32)
Thus,

> x= Y (rsh-rsh)

jes jesnsk
< Y (fs9'ns)—f(s7"ns)) (by @32)
jesnsk
< Z (f(Sj NS)—f(S! ﬁS)) (f nondecreasing)
jesk
=f(S*NS)—f(2)
< f(S).

Thus, the vector x computed by the Greedy algorithm is in fact contained in P(f). Its

solution value is
c X_ch( f(St— 1)) (4.33)

We now consider the Linear Programming dual of the submodular optimization prob-
lem:

wP = min Z f(S)ys
SCN

Zy5>cj forallj e N
S:jeS
ys =0 forall S C N.
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If we can show that ¢ Tx =wP, then it follows that x is optimal. Construct a vector y
by ygi =ci—ciyifori=1,...,k—1,ygx =cy and ys = 0 for all other sets S C N.
Since we have sorted the sets such that ¢y > co > cx > 0> cxy = -+ = Cp, it
follows that y has only nonnegative entries.

Forj=1,...,k we have

k—1
Z Ys =2 Z‘JSl:Z —Cit1)+Cr =cj.
S:jes i=j

On the other hand, forj =k+1,...,n

Z Ys = 0> ¢

S;jeS
Hence, y is feasible for the dual. The objective function value for y is:

Zf ys—Zf yst

SCN

—cit1) +F(SF)ex

S'L 1)

é
i

where the last equality stems from (@.33). Thus, y must be optimal for the dual and
x optimal for the primal.

(i) The proof of statement (ii) follows from the observation that, if c is integral, then the
optimal vector y constructed is integral.

(iii) Follows from (ii) and Theorem [4.23]

a

An important class of submodular optimization problems are induced by special submod-
ular functions, namely the rank functions of matroids.

Definition 4.32 (Independence system, matroid)
Let N be a finite set and I C 2N. The pair (N, ) is called an independence system, if A € J
and B C A implies that B € J. The sets in J are called independent sets.

The independence system is a matroid if for each A € J and B € J with |B| > |A| there exists
a€eB\Awith AU{a}eJ.

Given a matroid (N,J), its rank function v: 2N — N is defined by

Tr(A) :=max{|I|: IC Aand1ec 7T}

Observe that 7(A) < |A| for any A € N and r(A) = |A| if any only if A € J. Thus, we
could alternatively specify a matroid (N,J) also by (N, ).

Lemma 4.33 The rank function of a matroid is submodular and nondecreasing.

Proof: The fact that r is nondecreasing is trivial. Let A,B C N. We must prove that

r(A)+71(B) > T(AUB)+T(ANB).
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Let X C AUB with |X|=1(AUB) and Y C ANB with |Y| =1(ANB). Let X" := Y. Since
X’ is independent and X is independent, if [X’| < |X| we can add an element from X to X’
without loosing independence. Continuing this procedure, we find X’ with |X’| = |X| and
Y C X’ by construction. Hence, we can assume that Y C X. Now,

r(A)+71(B) > |XNA|+|XNB|
=|XN(ANB)|+|XN(AUB)|
> Y|+ [X]
=1r(ANB)+T(AUB).

This shows the claim. O

Example 4.34 (Matrix matroid)

Let A be an m x n-matrix with columns ap,...,an. Set N :={1,...,n} and the family J by
the condition that S € J if and only if the vectors {a; : i € S} are linearly independent. Then
(N,J) is an independendence system. By Steinitz” Theorem (basis exchange) from Linear
algebra, we know that (N, J) is in fact also a matroid. <

Example 4.35
Let E={1,3,5,9,11} and F := {A CE: ZeEA e< 20}. Then, (E,J) is an independence
system but not a matroid.

The fact that (E, ) is an independence system follows from the property that, if BC A € &,

then ) .cpe<) .cae<20.

Now consider B:=1{9,11} € F and A :={1,3,5,9} € F where |B| < |A|. However, there is
no element in A \ B that can be added to B without losing independence. <

Definition 4.36 (Tree, forest)
Let G = (V,E) a graph. A forest in G is a subgraph (V,E') which does not contain a cycle.
A tree is a forest which is connected (i.e., which contains a path between any two vertices).

Example 4.37 (Graphic matroid)
Let G = (V,E) be a graph. We consider the pair (E,J), where

F.={TCE: (V,T)is aforest}.

Clearly, (E,J) is an independence system, since by deleting edges from a forest, we obtain
again a forest. We show that the system is also a matroid. If (V,T) is a forest, then it
follow easily by induction on [T| that (V,T) has exactly |V|—|T| connected components.
Let A € J and B € J with |B| > |A|. Let Cy,..., Cy be the connected components of (V,A)
where k = [V|—|A|. Since (V,B) has fewer connected components, there must be an edge
e € B\ A whose endpoints are in different components of (V,A). Thus A U{e} is also a
forest. <

Lemma 4.38 Let G = (V,E) be a graph and (N,J) be the associated graphic matroid.
Then the rank function v is given by v(A) = |[V|—comp(V, A), where comp(V, A) denotes
the number of connected components of the graph (V,A).

Proof: Let A C E. It is easy to see that in a matroid all maximal independent subsets of A
have the same cardinality. Let Cy,...,Cy be the connected components of (V,A). For
i=1,...,k we can find a spanning tree of C;. The union of these spanning trees is a forest
with Z]le (ICi]|—1) =|V|—k edges, all of which are in A. Thus, r(A) > |V|—Xk.

Assume now that F C A is an independent set. Then, F can contain only edges of the
components Cy,...,Cy. Since F is a forest, the restriction of F to any Cj is also a forest,
which implies that [FNC;| < |Ci|— 1. Thus, we have |F| < |V|—k and hence r(A) < |V|—Kk.

O
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Definition 4.39 (Matroid optimization problem)
Given a matroid (N,J) and a weight function c: N — IR, the matroid optimization problem
is to find a set A € I maximizing c(A) =}_ cac(a).

By Lemma[4.33] the polyhedron

P(N,9):=qx€R}: > x; <r(S)forall SCN
jeS

is a submodular polyhedron. Moreover, by the integrality of the rank function and The-
orem [A31[iii) P(N,J) is integral. Finally, since r({j}) < 1 for all j € N, it follows that
0 <x < 1forall x € P(N,J). Thus, in fact we have:

P(N,J)=conv [ { x€B™: ) x; <r(S)forall SCN. (4.34)
jes

With #.34) it is easy to see that the matroid optimization problem reduces to the submod-
ular optimization problem. By Theorem [431[i) the Greedy algorithm finds an optimal
(integral) solution and thus solves the matroid optimization problem.

It is worthwhile to have a closer look at the Greedy algorithm in the special case of a
submodular polyhedron induced by a matroid. Let again be S* = {1,...,i}, S = @. Since
T(SY) —7(S*1) € {0, 1} and the algorithm works as follows:

(1) Sort the variables suchthatc; > ¢, > - 2cx >0>Cxq1 2+ 2 Cn.
(ii) Start with S = @.

(iii) Fori=1,...,k, if SU{i} € J, then set S := SU{i}.
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