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Abstract

Semidefinite programming is a relatively new field of combinatorial optimization
and is becoming a vital tool for improving the performance of algorithm for many
combinatorial problems. Other application areas include operational research, con-
vex constrained optimization, control theory etc. Here we present some concepts
of linear algebra that are pre-requisites to an understand for semidefinite program-
ming. There is also proof for the Spectral Theorem for Hermitian operator over
finite dimension Euclidean Spaces and an introduction to positive semidefinite op-
erators. We then move to semidefinite programming, its formulation and how it is
equivalent to vector programming. The thesis concludes with a study of an appli-
cation of semidefinite programming for the design of an approximation algorithm

for the Max-Cut problem.
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Chapter 1

Introduction

This thesis collects the algebraic foundations necessary to an understanding of

semidefinite programming.

Semidefinite programming is a field of optimization. It is the generalization of
linear programming and quadratic programming and still easy to solve. In the
next two chapters we discuss some algebraic notions that form prerequisites to
an understanding of semidefinite programming. Next two chapters will have basic
linear algebra concepts related to real vector space like inner product, linear trans-
formations, operators, basis transformations, projections, orthogonal projections,

Spectral theorem, symmetric positive semidefinite matrices etc.

In chapter 3 we will discuss semidefinite programming, its formulation and its
equivalent vector programming formulations. In chapter 5 we study an application
of semidefinite programming works to solve the Max-cut Problem. A randomized
approximation algorithm for max-cut discovered by Goemans and Williamson [1]

is presented and analysed.

1.0.1 Literature Survey

There are number of books available related to linear algebra. In this thesis we
have referred to the Algebra by Michael Artin [7].

Semidefinite programming is not a new topic in optimization field but has been

recently studied for several combinatorial optimization problems. For literature
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review on semidefinite programming refer the work on Semidefinite Programming
by Lieven Vandenberghe and Stephen Boyd[13] as well as [3], [6] and [§].

Max-cut or maximum cut problem is a well known problem that has been exclu-
sively studied in theoretical computer science. It is one of the Karp’s NP-Complete
Problems[12]. As it is NP-Hard, so no polynomial time algorithm is known but we
can solve it in polynomial time for some special cases like planar graphs. Goemans
and Williamson have presented the approximation solution for Max-cut problem

[1]. The algorithm is discussed in chapter 6.



Chapter 2

Finite Dimensional Euclidean

Spaces

The following notions in the theory of real vector spaces R" are pre-requisites
to an understanding of semi-definite programming. Here are brief definitions, for

detailed explanations one can refer to[7].

2.0.2 Real Vector Space

A vector space V over a field of real numbers is a set together with two laws of

composition[7]:
e addition: V x V — V' written v, w ~» v + w, for v and w in V,
e scalar multiplication by elements of the field: RxV — V', written ¢, v ~ cv,
for cin R and v in V.
such that (V,+) is an albelian group with 0 € V' as the zero element and satisfies
scalar multiplication.

The vector space of n tuples over R denoted by R"™ with the standard vector
addition and scalar multiplication will be the principal object to study in this

report.

Vector Subspace : Let V' be vector space then W is a real vector subspace of V
if W is a subset of V' and,
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e for every wy, wo € W wy +wy € W

e for every c € R cwy, € W.

Ex. {é 2 +y+ 2 =0} is a subspace of R

Linear Independence: An ordered set of vectors S = (vy,...,v,) is (linearly)
independent if for any column vector X = (zy,9,...,2,)T, there is no linear
relation SX = 0 except for the trivial one in which X = 0, i.e., in which all the

coefficients x; are zero. A set that is not independent is dependent.|7]

Span: The set of all vectors that are linear combinations of S = (vy, ..., v,,) forms
a subspace of V, called the subspace spanned by the set.[7] Let S be an ordered
set of vectors of V', and let W be a subspace of V. If S C W, then Span S C W.
Ex: The vectors (i) and (g) span the plane z = 0 in the x — y — z plane in R3.

Basis: A basis B of a vector space V is a set (vq,...,v,) of vectors that are
independent and also spans V.

The ordered set of vectors (e, ea,...,€,) where ¢; = [0...1...0]7 with 1 appearing
at the i*" position is the basis for R and is called the standard basis of R".
Every vector v € V' can be expressed as a linear combination of basis vector of V:

UV = X1V + LUy + ..... + T,U,

Lemma 2.1. Any basis of vector space has the same number of elements(i.e same

cardinality).
Proof. See [7]. O

Dimensions: Let V' be a vector space and and let the basis of V' has n number
of elements. This cardinality of basis is called the dimension of the vector space

which is represented as dim (V) =n

Lemma 2.2. If (vy,v9,...,v,) is a basis of V' then for every vector v € V there

exists unique scalars (xy, T, ..., x,) such that v = x1v] + Tovs + ... + TpUn,.

Proof. Let there exist some other unique scalars (yi, ¥, ..., ¥n) such that
V= Y1V1 + YaU2 + ... + YnUy

This results into ,

V= 21V + XUy + ..... + TpUp = Y101 + Y2V + ... + YnUp

le. v, —y =0=z;, =y

Therefore for every vector v € V' there exists unique scalars (xy, za, ..., x,). O
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Coordinate Vector: A coordinate vector of any vector v € V relative to basis

B is the sequence of coordinates i.e representation of v with respect to basis B.

- ()

iLe., if v = 201 + Tovy + ... + v, then |21, s, ..., z,]7 is the coordinate vector

of v with respect to (v, va, ..., v,)

2.0.3 Inner Product

An inner product on V' is a function that takes each ordered pair (u,v) of elements

of V to a number (u,v) € Rie (.,.): V x V — R and has following properties:

Positivity: (v,v) >0Vv eV

Definiteness: (v,v) =0iff v =0

Additivity: (u+ v, w) = (u, w) + (v, w)

e Homogenity: (au,v) = alu,v)

Symmetry: (u,v) = (v, u)

The dot product of two n tuples u(uy,us,...,u,) and v(vy, vy, ...,v,) defined by

(u,v) =u"v =>"", uw; is called the standard inner product in R™ and will be of

the principal interest in this report.

Inner Product Space(V(R),()): A (real)vector space with an inner product
defined on it is called inner product space. For example, R" with standard inner

product defined above is called Euclidean space (R", ()).
The inner product induces the notions of length(norm) and distance(metric).

Norm(Length): Length or norm of a vector v in an inner product space is
denoted be ||v|| and is defined as |[v|| = ++/(v,v) or ||[v]|*> = (v,v). The norm
satisfies following axioms:

eYoeV: |]|>0;|lv|]|=0iff v=0.

e Vac RVveV: |lav||=|alllv]|

o Vu,v eV |lu+v| <|lul|+||v]] ...(Triangle Inequality)
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Metric(Distance): The distance between two vectors u,v € V in an inner prod-

uct space is defined by d(u,v) = ||u — vl||. It satisfies following axioms:

o Vu,v e V: d(u,v) >0; d(u,v) =0iff u=n.
o Yu,v eV : d(u,v) =d(v,u). ...(Symmetry)

o Vu,v,weV: dlu,w)<d(u,v)+dv,w). ...(Triangle Inequality)

In the following, we assume the Euclidean Space (R™,()) where () refers to the

standard inner product.

Orthogonality (Perpendicularity): Two vectors v; and v; are orthogonal with

an inner product() if their inner product is zero, i.e., (v;,v;) = 0.

Lemma 2.3. Orthogonal Vectors are (linearly) independent.

Proof. Let u and v be orthogonal and (linearly) dependent. That means for some
scalars ¢q,co € R we have:

au—+cv =20
Taking inner product with v on LHS, we get:
0= ((cru + cav),u) = (cru, u) + (cov,u) = c1{u,u) +0=¢; =0
Similarly taking inner product with v, we get:
0= ((cru+ cv),v) = (cru,v) + (cav,v) = 0+ c2(v,v) =2 =0
Therefore there is no relation ciu + cov = 0 except for the trivial one in which
c1 and ¢y is zero, which contradicts the assumption of orthogonal vectors being
linearly dependent.

Therefore orthogonal vectors are (linearly) independent. O

Orthogonal Basis: An orthogonal basis B = (vy,...,v,) of V is a basis whose

vectors are mutually orthogonal: (v;,v;) = 0 for all indices ¢ and j with ¢ # j.

Orthonormal Basis: An orthonormal basis B = (v, ...,v,) of R" is a basis of
orthogonal unit vectors (vectors of length one):

(Vi,v;) =0Vi,ji#j

|vi|] = 1 ie (v;,v;) =1 Vi.

The standard basis is easily seen to be orthonormal. Start from any basis of
Euclidean space we can obtain orthonormal basis with the help of Gram Schmidt
Procedure][7].
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In all the discussion that follows, we work with only orthonormal bases.

Lemma 2.4. Parseval’s Identity: If B = (vy,...,v,) be orthonormal basis for
V and for v €V we have v =", xv; then |[v|[* =Y 7 a7

Proof. For a vector v € V| we have
V=) Tiv;
ol = 1] 225 il
= (D21 v, Dy T505)

= D i Tivi, 25 Tj05)

=D i1 @i 2y 2{vi, v)
As (v;,v;) =0Vi,5 1% jand ||v;|| =1 1e (v;,v;) =1 Vi.

=i T

[]

Lemma 2.5. If B = (v, v, ..., v,) is an orthonormal basis for V. Suppose v € V
have coordinates (x1, T, ..., T,)" with respect to B i.e., v =Y. x;v; then x; =

<U7Uj>

Proof. We know that v = zjv1 + 2209 + ..... + T,V

Now (v,v;) = (z1v1,v) + .. + (z;05,v]).. + (TyVn, v;)
= x1(v1,vj) + .. + 2 (v}, 0]).. + 2, (Vp, V)
= 1,

As for orthonormal basis (v;,v;) = 0if i # j and (v;,v;) = 1. O
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2.0.4 Linear Transformation and Operators

Linear Transformation: A linear transformation 7" : V' — W from one vector
space V' to another vector space W is a map that is compatible with addition and

scalar multiplication:

T(vy +vy) = T(v1) + T'(ve) and T'(cvy) = ¢T'(vy),

for all v1 and vy in V and all ¢ in R.

Matrix of Linear Transformation: We have linear transformation 7 : V —
W, ordered bases B, = (vq, ..., wy,) of W. For each

j, 1 < j < n T(v;) can be expressed in terms of basis of W i.e.,

v,) of V and By, = (wq,ws, ...,

T(v1) = anqwy + ag Ws + ... + A Wiy,

T (vy) = 1wy + QpaWs + ... + QoW

T(v,) = Qipwy + QopwWa + oo 4+ QWi

for some 5, 1 <i<mand1<j<n
In short T(Uj) = er;l QW
a1j
a;bj

The coordinate vector [T'(v;)]g, =

Let []p, [xl T l‘n} be the coordinate vector for x € V. Then,
T(z) = T(Z?:l 0y
T(ZL‘) = Z?:l $jT(Uj)
T(x) = Z;L=1 (D00 cjw;)
T(x) = Z;L:1(Z?l1 QT )W
Now the coordinate vector of
11 G2 (g3 (651 T
Qo1 Qigg (23 Qon X2
[T(x)p, =
Qp1 Op2 O3 Qnn Tn

Let matrix (a;;) = A. Therefore,

[T'(2)], = Alz]s,

The matrix A is matrix of linear transformation with respect to ordered bases B,

and B,,.
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Linear Operator: A linear transformation from a vector space V to itself is

called a linear operator.

Basis Transformation: Let B = (b1, by,...,b,) and C' = (¢y,¢q,..,¢,) be two
basis of vector space V. T': R® — R™ is a basis transformation operator from B
to C'if for each v € V; T transforms the coordinate vector of v wrt basis B to the

coordinate vector v wrt basis C.

Matrix of basis change: Let [by, ba, ...., b,] and [¢y, ¢a, ...c,,] be bases of same vec-
tor space V. Any vector v with coordinate vector [xy, s, ..., x| and [y, Y2, ..., Yn]
can be represented in terms of linear combination of its basis, so

v =21b; + x9by + ..... + Xpbp = Y101 + Yoo + ... + YnCn

ie,

As every vector can be represented in terms of basis, therefore:
C1 = Oéllbl + 0421[)2 R anlbn

Cy = Oélgbl + Cl{22b2 + .+ Oénan

Cp = Oélnbl =+ Oégnbg + .+ Oénnbn

for some o5, 1 <i<nand1<j<n

So,
Q11 Q12 13 ... Qqp
Qo1 Qigg Qi3 ... (Qgp
CL Co ... ol = [b1 by ... by,
Op1 Op2 Qp3 (079
L . i
Let (aij):Qand Qi:[a/li Qi ... O[m]
i.e

5 A2 N
Therefore , | = | =Q( - ) or @ ) =1"
Tn Yn Tn Yn

Here the matrix @) is the matrix of basis change from B to C' .

Lemma 2.6. The matrix of basis change Q) is invertible.
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Proof. Just like @) is matrix of basis change from basis B to basis C', we have
Q! for basis change from C to B.To prove @ is invertible, let us consider @) be
singular.

If @ is singular then there is no Q! i.e @) is not invertible. Let @’ be the matrix
of basis change from basis B to basis C.

Now take QQ'[v]:

QQ'[v]p = Qvlc = [v]p

Therefore Q@' = I which means Q' = Q! and hence @ is invertible. ]

Effect of Basis Transformation on operators: Any vector representation
wrt one basis can have their equivalent representation wrt another basis. Let
(b1, b2, ..., b,) and (¢q,ca, ...c,) be two bases of vector space V. For any v € V
having coordinates (x1, 3, ...,x,) and (y1,Ya, ...yn) respectively in two bases, we
have:
v =x1b; + x2b3 + ..... + 2,0, = Y101 + Y22 + ... + YnCn
As we have seen in matrix of basis change, we get

L 5y _ (%
Now if we have any linear transformation 7" : V' — W with matrix A and D

as matrix of linear transformation for basis (b, ba, ..., b,) and (¢y, ca, ..., ¢;,) respec-

1 Y1
()-en(?)
Tn Yn
Ty Y1
1) eme(7)
Tn Yn

A=QDQ!

tively then we have:

2.0.5 Hermitian and Unitary Operators

Orthogonal Matrix: A matrix @ such that Q7Q = I (or QT = Q7!) is called an
orthogonal matrix. A matrix @) is orthogonal if and only if its columns @, ..., Q,

are orthonormal with respect to the standard inner product form, i.e., if and only
if Q7Q; =1 and Q7 Q; =0 when i # j.
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Lemma 2.7. The basis transformation matriz between two orthonormal bases is

an orthogonal matriz.

Proof. Let B = (by,ba,...,b,) and C' = (¢q, ¢q, ..., ¢,) be two orthonormal bases.

Let [01 Cy ... cn} = [bl by ... b, | Q-
Let Q = [Ql Oy ... Qn} Q, € R
Since ¢; = [bl by ... bn} Qi
6= b o b Q;
We have:

(ciycj) = ([bl by ... bn} Qi [bl by ... bn] Q;j)

<Ci, Cj) = 5@']’7 where 51’]’ = 0V 7&] and 61‘]’ =1Vi = ] Therefore,
8i; = (¢i, ¢j) = (b1Gi1 + ba2gio + ... + bnGin, b1Gj1 + bagjo + ....bnGjn)

= ¢i19j1 + Qi2qj2 + .- + QinGjn

= QrQ,
=0y
—QTQ =1
O
Therefore from lemma 2.6 we get,
A=QDQT

Orthogonal Transformation( Unitary Transformation): A linear transfor-

mation T : V. — W is called a orthogonal transformation if Vv, w € V'

(Tv, Tw) = (v,w)

Lemma 2.8. Matriz of orthogonal transformation(unitary transformation) is or-

thogonal wrt to any orthonormal bases.
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Proof. Let B = (b, by, ...b,) be an orthonormal basis and let A be the matrix of
orthogonal transformation 7" wrt basis B. Let A = [Al Ay An] .

Now, T'(b;) = [bl by ... bn] A;

and T(b;) = [bl by o bn] A
Then

(T'(b;), T(bj)) = (bran + boaja + .... + by, braji + baajo + ....bya;,)
= ;1051 + Q2052 + ... + QipGjp
= AT A;
As orthogonal transformation preserves inner product, we have:
(T'(bi), T(bj)) = (b, bj) = 0y
= ATA; = 6;;
— ATA=1]
O

Corollary: Let B = (by,b,...,b,) and C' = (¢, ¢o,...,¢,) be two orthonormal
bases of vector space V' such that:

[cl Co .. cn] = [bl by ... b,| @

where () is the orthogonal matrix of basis change from B to C. Let T : V — W
be uniform(orthogonal) transformation with matrix A and D as matrix of uniform
transformation for basis B and C respectively. Now using lemma 2.6 and 2.7 we
can say if A is orthogonal matrix in orthogonal basis transformation then QAQ”

is also orthogonal.

Symmetric Operator(Hermitian Operator): A transformation 7: V — V

is a symmetric operator if Yu,v € V' (u, T(v)) = (T'(u),v).

Lemma 2.9. Matrixz of a symmetric operator with respect to any orthogonal basis

must be symmetric.
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Proof. Let B = (b, by, ...b,) be an orthonormal basis and let A be the matrix of

symmetric transformation 7" wrt basis B. Let A= |A;, Ay, ... A,]|.
Now, T(b) = [by by ... b A,
and T(b;) = [bl by o bn] A

According to the symmetric operator definition:
{bi, T(b;)) = (T'(b:), bj)
(b, T'(b;)) = (bi, braj1 + baajo + ...bpa5n) = aj;
Similarly,
(T'(b;),bj) = (bran + baajs + ... + bpan, b;) = a;j

Therefore a;; = a;; which implies A = AT O

Corollary: Let B = (by,bs,...,b,) and C' = (c¢q,¢q,...,¢,) be two orthonormal
bases of vector space V' such that:

[cl Cy ... cn] = [bl by ... b,| @

where () is the orthogonal matrix of basis change from Bto C. Let T : V. — W be
symmetric(hermitian) transformation with matrix A and D as matrix of symmetric
operator for basis B and C respectively. Now using 2.8 we can say if A is symmetric

matrix then QAQ7T is also symmetric.

2.0.6 Subspaces and Direct Sum

Independent Subspaces: Let V' be real vector space and let U and W be
subspaces of V.Two subspaces U and W are independent if

UNnWw ={0}.

Similarly if Vi, V5, ..V}, are the subspaces of V', then they are independent if V;NV; =
{0} vi#j

Direct Sum: Let U and W be subspaces of V. We say V is a direct sum of U and
Wit V=U+W and U and W are linearly independent . We write V =U @& W.
Similarly, we say if Vi, Vs, .., V) are the subspaces of V', where V =V, V5, ..V}, and
they are independent then we can write, V =V, & Vo ® ... d V},
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Lemma 2.10. If V =U & W, Yv € V there exist unique u € U w € W such that

vV =u-+w.

Proof. Let v = u + w be not unique, there exist ' and w’ such that v = v’ + w'.

Now
v=u+w=u +w
—u—u=uw—-—w=0
AsUNW =0
—u=u,w=uw
Therefore, there exist unique v € U w € W such that v = u + w. O

Orthogonal Subspaces: Two subspaces U and W of V' are orthogonal if Vu €

U,wée W (u,w) = 0. Note that orthogonal subspaces are necessarily independent.

Orthogonal Complements: Let W be subspace of V' with dim(W') = k, where
k is 0 < k < n. We define orthogonal complement as:
Wt ={w e V|{w' w)=0vVw e W}

Lemma 2.11. dim(W+) = dim(V) — dim(W) =n — k

Proof. Let [by, by, ..., bx] and [c1, o, ..., ¢,n] be orthogonal bases for W and W+. To
prove the lemma we need to prove that (by, bs, ..., bg, C1,Ca, ..., ¢;n) spans V ie., it
is the basis of V' which in turn will be proved if we can prove that for any v € V'

we can represent it a:

v = Oélbl + ..+ Oékbk + ﬁlcl + ...+ ﬁmcm

Consider v/ = v — (v, b1)by — ... — (v, bg) — (v, 1)1 — ... — (U, Cm).
ETPT: v/ = 0 Suppose v # 0

(', bi) = (v, b;) — (v, b;) by, by)

= (v, b;) — (v, b;){bs, by)
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=0

which results v/ L b; V1 <i<kie., v € W

Similarly (v/,¢;) = 0. That means v’ = 0.

Therefore v = aby + .... + aby + Bcy + ... + Bey, for v e V

Also (by,ba, ..., b, c1,Ca, ..., Cy) is & basis of V( It spans V). This results into
dim(V) = dim(W) + dim(W+)

The dim(V') = n and dim(W) = k, therefore

dim(W+) = dim(V) — dim(W) =n — k O

Corollary: If V is a vector space with W as a subspace of V and W+ be the

orthogonal complement then from previous lemma 2.10 we can say V = W @ W+,

2.0.7 Projections

Projection: Let V' be a finite dimensional vector space and P : V — V be a

linear operator on it. P is a projection if:
P?=P

In the following U is the range i.e image Img(P) and W is the kernel Ker(P) of
P.

Theorem 2.12. (Rank-Nullity Theorem) Let V' and V' be vector spaces and let
T :V — V' be a linear transformation. Assuming the dimension of V is finite
then,

dim(V) = dim(Ker(T')) + dim(Img(T))

Its proof can be found in [7](Dimension Formula).

Lemma 2.13. If P is a projection then UNW = {0}

Proof. Let ve UNW.
As v € U; Ju € V such that



Finite Dimensional Euclidean Spaces 16

Pu=w
P(Pu) = P*u= Pu=v

Also v € W too, so by definition Pv = 0. Hence,
P(Pu)=Pv=0

This is contradiction, therefore U N W =0 i.e V is a direct sum of U and W.

Corollary: By Rank-Nullity Theorem we have,

dim(V') = dim(U) + dim(W)

eV =U®W —direct sum

Lemma 2.14. If P is a projection operator then V = Ker(P) @ Img(P)
Proof by lemma 2.12 and Rank-Nullity Theorem.

Lemma 2.15. u € Img(P) for a projection operator P if and only if Pu=u

Proof. u € Img(P) then v € V such that,

P(v) =u
P(P(v)) = Pu
Also, P(P(v)) = P?v=Pv=u

Therefore Pu = u.

Using Lemma 2.12 and 2.14 Ju,w such that v = u + w where u € Img(P) and
w € Ker(P)
Moreover y # 0 otherwise u = v € Img(P) then P(v) = P(u+w) = u

P(u+w) = P(u) + P(w)
=u+0
=u#v

Pv=v <= v e Img(R)
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Lemma 2.16. (I — P) is also a projection operator.

Proof. Taking the square of I — P, we get:
(I-P?=[-2P+P?=]—P
Now to prove Img(P) = Ker(I — P), we have,
(I —Pu=0<= u=Pu<= u€ Img(P) ... Lemma 3 and 4)
Now to prove Img(I — P) = Ker(P) we have,
velmg(l—P)iff (/—-Pv=v
ie Pu=0<=v € Ker(P)

Img(I — P) = Ker(P)

]

Orthogonal Projection Let V' be finite-dimensional vector space and P : V —

V' be a linear operator on it. P is an orthogonal projection if:

e P is a projection.
o (u, Pw) = (Pu,w) Yu,w € V

Lemma 2.17. If P is an orthogonal projection then Img(P) L Ker(P)

Proof. Suppose u € Img(P) and w € Ker(P)

For P to be orthogonal projection we need to prove:
(u,w) = (Pu,w) = (u, Pw) =0
We know that any vector v can be represented as :
V=) aibs
Also, (v,bj) = «;

This makes the representation of vector v as,
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v = Z?:1<U7 bi>bi

Now V' has orthonormal basis B = (by,bs,....,0,) and V. =U & W = Img(P) &
Ker(P). We can assume that basis for subspace U is by, by, ..., by and for W is

B, oo by -
Therefore, u = 3% (v, b;)b; Similarly w = Y i (v, 0j)b;

<Pu7 w> - <u7 w> - <Zf:1<u7 bl>b27 Z?:k+1<v7 b]>bj> =0

Similarly,
(u, Pw) = (31, (v, b:)b;, 0) = 0
(u,w) = (Pu,w) = (u, Pw) =0

]

Corollary: Let P be a projection operator on V. Let A be matrix of P wrt any

orthonormal basis B. Then A satisfies following:

o A2 =A
e If P is orthogonal then AT = A

Lemma 2.18. Let P be a projection on V. Let U be the Img(P) and W be the
Ker(P) such that U = W+. For everyv eV, v=u+w:u € Uv € W. Define
Pv =u then P is orthogonal projection with Img(P) = U and Ker(P) = W.

Proof. Let vy = u; +w; and v = ug + wo
we have to prove that (Puvy,ve) = (vy, Pvg)
(Puy,v9) = (P(uy + wy), ug + wa) = (ug, ug + ws)
= (uy, ug) + (ug, wa) = (uy, uz) + 0 = (uy, u)
(v1, Pvg) = (ug + wq, P(ug + we)) = (ug + wq, us)
= (u1, ug) + (ug +w1) = (uy, ug) + 0 = (uy, uy)
From above two lines we get (Puvy, vy) = (v1, Pvy), therefore P is hermitian oper-

ator which satisfies definition of orthogonal projection. O
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Direction: A unit vector d € V is called a direction.

Projection onto a direction:The projection onto direction d is defined as:

Py(v) = (v,d)d

Lemma 2.19. Let d be any direction and v be any vector in V' as shown in figure

2.1 then:

v—(v,d)d Ld

v-<v,d>d

FIGURE 2.1: Projection

Proof. Take the inner product of v — (v, d)d and d
(v —(v,dyd,d)y = (v,d) — (v,d)(d,d)

=(v,d) = (v, d)

=0

There inner product is zero which proves they are perpendicular.

That means v = (v, d)d + (v — (v, d)d)
Projection of v i.e Py(v) = (v,d).d

Lemma 2.20. Let d be the direction in V. Let B = (by,bs,...,b,) be the bas

V. We can represent d as:d = x1by + x9by + ... + x,b,,, where
the coordinate vector of d.

xy
Matrix of projection wrt basis B can be represented as:

Tn

X1

X1

T2

X2

Tn

is of

T

Tn

18
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Proof. Let B = (b1, by, ..., b,) be the orthonormal basis of V. Let d = x1by +x9by +
<. + 2,by, be a direction. Let v =", a;b;

Now
Pd<U) = <Z?:1 Oéibi, Z?:l l’jbj).(l’lbl + SI’)QbQ + ...+ .I’nbn)

Let Ay be the matrix of projection in the direction d then from above line we get:

T
Ag= | 1 Ta ... xn]
Tn
O

Lemma 2.21. P, is an orthogonal projection.
Proof. From lemma 2.18 and 2.19 we can say P, is orthogonal projection as
v=(v,d)d+ (v — (v,d)d)
where (v,d)d € Img(P) and (v — (v,d)d) € Ker(P). O

Note that, matrix A, satisfies following properties:

o Ag = Ad
L] Ad = Ag
Projection onto a subspace: Let U be the subspace of V. For any v € V, let

v = u + u* be the unique expression for v such that v € U and u* € U+. We
define:

Py(v) =u
as projection onto a subspace U.
Py is a projection because, Py(v+v') = Py(v) + Py(v') and Py(av) = aPy(v)

P?: = Py = PL If by, by, .., by be an orthonormal basis of U and by, ..., b, be an

orthonormal extension of U to V then,

Py(v) = Y21, (v, bi)-by



Chapter 3

Hermitian Operators in Euclidean

Spaces

In the following we study Hermitian operators over a finite dimensional real vector

space V' having orthonormal basis B = (b1, ba, ..., by,)

3.0.8 Eigenvalues and Eigenvectors

Eigenvalues of a operator: Let T': V — V be a operator, then A € R is a
real eigenvalue of T if there exist v # 0,v € V such that:
T(v) = v

Eigenvector of a operator: Let T': V — V be a operator, then v # 0,v € V
is an eigenvector if there exist a scalar(eigenvalue) A € R such that:
T(v) = Av

Lemma 3.1. Let T : 'V — V be a operator. X is an eigenvalue of T iff X is a
root of the characteristic equation det(T —xI) =0

Proof. For X to be eigenvalue there exist v # 0 such that:

Tv = A\v

= (T - X)v=0

21
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where v # 0 which implies 7" — AI is singular i.e., det(T — A\[) =0
Therefore A is a root of the characteristic equation det(T — xI) =0 [

As det(T — xI) is a polynomial of degree n, we have:
Corollary: T : V — V has at most n distinct eigenvalues.
This is because det(T—x1) is a real polynomial with degree n and a real polynomial

with degree n has at most n roots over R. (Refer[7].)

Eigenvalues and eigenvectors of a matrix: A square matrix A has an eigen-

value \ with the corresponding non-zero eigenvector z € R" if Ax = \z.

Let A1, ..., \;x be eigenvalues of matrix A with multiplicities di,...,dy. We have
relation > df | =n

1=

Lemma 3.2. Eigenvalues of a matriz does not depend on basis.

Proof. Let A be a matrix. After basis change we get matrix QAQ ™!, where Q is

a matrix of basis change from basis B to basis C'. Now,
det(QAQ™! — z]) = det(QAQ™" — 2QQ ")
= det(Q(A — z1)Q™)
= det(Q)det(A — xI)det(Q™1)
= det(A — zI)

As det(Q71) = m. Therefore characteristic equation doesn’t change with basis

change. O

Corollary: The eigenvalue of a matrix is essentially the eigenvalue of the operator

represented by the matrix in the standard basis.

Change in eigenvectors with basis change: For any two orthonormal bases
B = (by,by,...,b,) and C = (¢4, ¢o, ..., ¢,) of vector space V' we have relation.

[cl Co ... cn] = [bl by ... b,| @

where @ is the matrix of basis change from B to C.

Let T be a linear transformation having matrix A and D wrt basis B and C.
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Let vq,va, ..., ) are eigenvectors of matrix A and v}, v}, ..., v, be eigenvectors of
matrix D. As the eigenvectors are orthogonal we can easily make them orthonor-
mal vectors(Gram Schmidt Procedure) which are orthonormal bases for V. Let
x1,To,...,xx € R™ and yq,ys, ...,y € R™ be coordinate vectors of eigenvectors of
A and D respectively, then we have :

V= T1V] + TaUs + ... + TV, = Y10] + Yovh + .. + yn vy,

ie,

Z1 Y1

*2 _ / ! / y.2
V1 Vg ..... Un, = U1 Uy ..... v, :

x Yn

Using the matrix of basis change from B to C, we get

1 Y1 Y1 x1
(2)=e () ()=o)
Tn Yn Yn Tn

Lemma 3.3. Eigenvalues of real symmetric matriz must be real.

Proof. See [7]. O

Lemma 3.4. The eigenvectors corresponding to distinct eigenvalues of a hermitian

operator(matriz) are orthogonal to each other.

Proof. For a symmetric(hermitian) operator T' : V' — V we have (T'(u),v) =
(u, T(v)) for any vector u,v € R".
Suppose u and v are eigenvectors of T" with corresponding eigenvalues A\; and s,

we have:

Which results into A\; — Aq(u, v) = 0.

Since the eigenvalues are distinct, Ay — Ay # 0, therefore (u,v) =0

ieu_Lwv

This is true for any two eigenvectors corresponding to distinct eigenvalues of sym-

metric matrix. OJ
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Eigenspace: Let 7" : V — V be a linear operator. Let A, Ao, ..., A\ be the

eigenvalues of T' where k£ < n. Then we define the eigenspace of \; as the set:
E\, ={veV|Tv=\v}

Lemma 3.5. The set Ey\, = {v € V|Tv = \v} is a subspace of V.

Proof. This follows as Vu,v € E), and ¢ € R we have:

T(u+v)=\(u+v) and

T(cu) = chu.

This shows that F), is a subspace of V [

Now we have a subspace E of V| so we also have an orthogonal complement E/t
which can be defined as: Ey. = {u € V|(u,v) =0Vv € E) }
Using Lemma 2.10 we can say that dim(Ey) + dim(Ey) = n.

Suppose d; be dim(E),) then dim(Ey.) = n — d; (from lemma 2.10).

Lemma 3.6. Eigenspaces corresponds to distinct eigenvalues.

Proof. Let T : V — V be a linear operator and Aq, ..., Ay be distinct eigenvalues

of operator and FE), is corresponding eigenspace associated to A;. Let E\, may

have two eigenvalues \; and A;.

Now for any vector v € E), we have:

T(v) = Av=Av

= (N —\)v=0

— v =0.

as eigenvalues are distinct. Therefore any eigenspace can have only one eigenvalue.
m

Now we turn to Hermitian operators. The following is a fundamental property of

Hermitian operators:

Theorem 3.7. Let T : V. — V be Hermitian operator.Let Ey, be the eigenspace
corresponding to \; and E/\L be the orthogonal component. \; and Ef are T in-

variant. i.e.,

Yu € E)\Z. Tu € E)\i
Vw € Ey. Tw € Ej
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Proof. Let u € £\, then we need to prove T'u € E},
ETPT: T(Tu) = AN(Tu)

Now, T'(Tu) = T (A\u) = \u.

Similarly A(Tu) = A(Au) = A\u

Therefore T'(Tu) = A\(T'w) which means Tu € E),

Let w € E5 then we need to prove Tw € Ey.

w € Ej. that means (u,w) =0 Yu € E),

ETPT: (u, Tw) = 0 Vu € By,

Now, (u, Tw) = (Tu, w) = AMu,w) =0 i.e., (u,Tw) =0

That means Tw € Ej O

Lemma 3.8. Eigenspaces of a linear operator T : V. — V intersects only at the

origin (i.e., independent subspaces)

Proof. Let T : V — V be a Hermitian operator with distinct eigenvalues Ay, Ao, ..., Ag,
where & < n and corresponding subspaces Ej , Ey,, ..., Ey,.
ETPT: E\, N Ey, = {0} for i # j. Let u € E), N Ey,;. Then,

Tu=\Nuasué€ E),

Tu = Aju as u € ),

—u=0as \; # )\,

Therefore Ex,NE), = {0} for 7 # j which means they are linearly independent. [

The following is a central decomposition theorem:
Theorem 3.9. Let V' be a real vector space, let'T' : V. — V' be Hermitian operator
with distinct eigenvalues Ay, Ag, ..., A\g, where k < n then:
1.V=E,®E\,®..0LE,,.
2. Fach E), is T invariant.
3. Yu € Ey,,Yv € Ey; (u,v) =0ifi#j
Proof. LetT : V — V be a Hermitian operator with distinct eigenvalues A1, g, ..., A,
where k& < n. We have already proved in theorem 3.7 that (E),) and (Ey) are

invariant and V' = E\, & Ej_.

Now TEi is Hermitian as F/\1 is a subspace of V' which is invariant. Moreover TEAL
@ o a
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B By

Now these eigenspaces are independent(Lemma 3.7) Therefore, by induction on

has eigenvalues A1, .. \i_1, Aj41, ..Ax with the same eigenspaces Ey,,..Ey,_,, B\, ..E),.

dim(E),), we have:
Ext=E,®.QE\ ,®E\, .. ®E)
and using lemma 2.10 we have:
V =E) @ Ej,
Therefore,
V=E, ®E\,®..0FE),

We have already seen in theorem 3.7 that £}, is invariant which can be proved for

each eigenspace..

Where as in lemma 3.4 we have already proved that eigenvectors corresponding
to distinct eigenvalues are orthogonal to each other. Therefore, when we say
Vu € E),,Vv € E); we mean the eigenvectors corresponding to A; and A; which

are orthogonal to each other. So (u,v) = 0if i # j. O

Lemma 3.10. Let T : V — V be a Hermitian operator. Let P be a projection

on V and P\, be projection onto subspace E),, then:

Py+Py+..+P, =1

Proof. T is a Hermitian operator. Let Ai, Ao, ..., \; be distinct eigenvalues of T

and E), be the respective eigenspace. Using theorem 3.9 we can say:
V=E, ®E\,®..0E),

Let Ej, have the dim(E),) = d; and let bi,...,b) be the orthonormal basis of
subspace E),
Let P,, be projection onto subspace E), be:

Py, (v) = 329 (v, i) Now,

7

Py, (v) = 255, (0, b)b;
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Taking the sum of all projections onto subspace we have:
k d; i\pi

(P)q + P>\2 +..F PAk)U = Zl:l Zj:1<vﬁ bj>bj
As we have V = E), ® E\, @ ... ® E),, we can say that orthonormal basis of V' is
B = (bl, bg, ceey bn) - (b%, ey bclll7 ..... b’f, ooy bsk) = (Bl, BQ, ceey Bk)
Also we have v = >"" | ;b

<U7 bj> =y
SO, v = E?:l <U, bl>bz
Combining above facts we get:
(P, + Py, + .. + Py )v =01 +v2+ ... + 05

where v; is a vector wrt basis B;. Now v = v + v9 + ..., U

(P>\1 + P/\2 + + PAk)U =P

(Py, + Py, +...+P\)=1

3.0.9 Spectral Theorem

Theorem 3.11. Spectral Theorem(Projection Version) Let T' : V. — V be a
Hermitian operator and Ay, Mg, ..., A\, be eigenvalues of the operator and Py, be the
projection onto subspace E),. Then,

T = MNPy + MNPy, + ... + NPy,

Proof. We have already proven in lemma 3.9 Zle Py, = I Now take v = vy +...4 vy
with v; € E), apply T', we get:

T(U) = T(Ul) + ...+ T(Uk)
= )\11]1 -+ /\2’02 + ...+ Akvk

Now,
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Zle N Pv = Zle NiP;(v1 + v + ... + vg)
= M1 + AUy + ...+ N
=T(v)
Therefore,
T =MPy + Py, + ...+ NPy,

]

Theorem 3.12. Spectral Theorem(Matrix Version) Every nxn symmetric matrix

can be decomposed as:
A=QDQT,

where A is a n X n symmetric matriz, D is a diagonal matriz whose entries are
eigenvalues of matrix A and @ is orthogonal matriz associated with eigenvectors
of A.[6]

or:

According to spectral theorem for any n x n symmetric matriz A, [6]there exist ex-
actly n, possibly not distinct eigenvalues A1, ...\, and their associated eigenvectors
Uy, ...up where k < n is number of non-zero eigenvalues and x; is the coordinate

vector of u; such that
A=SF Nzal =QDQT.

Proof. Let A\; < Ay < ... < A, be (not necessarily distinct) eigenvalues of sym-
metric matrix A. Given any Hermitian operator(matrix) we can choose coordinate
vectors x1, xg, ...xr € R" where k < n such that they are associated to eigenvectors
of A which are orthonormal. Let [az‘l Ty ... xk] = [61 € ... ek] Q

where ey, es, .., e is the standard basis. Clearly

Q=101 Qr ... Qk} = [ml Ty ... xk] Moreover, since eigenvectors are

orthonormal i.e., x;/s are orthonormal we have,
Qr=Q

Let v € R™ such that,
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V= Q121 + QoTg + ... + QT
Av = Ay + aaxe + ... + agy)
As Ax; = \;jz;, we have:
AV = a1 + oMo + ...+ AT
Also v = Zle a;r; = «; = (v, x;). Therefore we have:
Av = Zle Ni{v, zi)x;
Av =30 Nag(v, @)
Av = Zle iz, v)
Av =% Nzalv
A= Zf:l Az}

k . .
We have Y. | Niz;z] which can written as:

A

Ak

Without the loss of generality, we can have n eigenvalues(need not to be distinct)

A < A < ... < A\, such that we can write above equation as:

A

) T
n T _
Yo Ny = [:vl Ty e T . T1 Ty e xn]
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)\1 )\1

Ak
A 0

where k < n (k denotes the rank of matrix.)

= QDQ"
— A

where A is a n X n symmetric matrix, D is a diagonal matrix whose entries are

eigenvalues of matrix A and @ is orthogonal matrix associated with eigenvectors
of A O

3.0.10 Positive Semidefinite Matrices

A n x n symmetric matrix A is a positive semidefinite matrix iff

yTAy >0
Yy € R"

We use the notation A > 0 to indicate a symmetric positive semidefinite ma-

trix(psd). Given n X n symmetric matrix A, the following lines are equivalent:

1. A symmetric matrix A is positive semidefinite.
2. All eigen values of A are non-negative.
3. 3V € R¥*™ k. < n such that A = VTV,

4 A=Y Al for v € R™. vy Lvy=0if i # j and Vi [Jug]] = 1.

Proof. Following is the proof for above statements[8],

1= 2.

If A > 0 then all eigen values of A are non-negative.

Any vector v is eigen vector of A if it satisfies Av = Av , where X is eigen value
corresponding to v. Symmetric matrices have real-valued eigen values. Now we

have equation :
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Av = \v
Multiplying both sides v? we get,
v Av = v" v = wTo

By definition of positive semidefinite vT Av > 0. Therefore, R.H.S of the equation
MvTv >0, also vTv > 0. Thus A >0

2= 3.

If all eigen values of A are non-negative then 3V € R¥*" k < nsuch that A = VTV,
It is already been proved in spectral theorem that for a symmetric matrix A there
exist (not necessarily distinct) eigenvalues Aj, Ag, ..., A, and have corresponding

eigenvectors Uy, Ug, ..., Uy -

Let A be the diagonal matrix that contains eigenvalues A\; < Ay < ... < A, of A.

A A\
A= ' = h where k is number of non zero eigen-
. Ak‘.
An 0
values and k < n ) ) )
Let U be the orthogonal matrix associated with the eigenvectors [ul Uy ... un]
of A. From theorem 3.12 we have
A=UANUT
/\1 uﬁll“
. ol
ie A= [ul Uy ... un] ' )
A |t
/\1 U{
L uy
If £ < n then we can write it as: A = {u; wuy ... u )
)\k .
0_ ul

Since A has all diagonal values and we can decompose it into Az(A2)7.

point (2) A2 must have all entries real Thus,

A=UAz(A2)TUT
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where Ai%j =+
A= (UA2)(UA2)T

Let VT = (UA2). Therefore we get the equation,

A=VTV

3=1.
If 3V € R**™ | < n such that A = VTV then A > 0.

ye R yTAy =y"VIVy = (Vy)" (Vy) = (Vy, Vy) > 0.

1=4.
If a symmetric matrix A is psd then we have A = Zle \vvl, for v; € R™
v; Lo, =0if i # jand Vi |jv]| = 1

Using spectral theorem we can say any symmetric matrix A can be represented as:

A=QDQT =" NwaT

where 1, xs, ..., 1}, are orthogonal eigenvectors of A.

4=1.

Similarly according to Spectral theorem for any n x n symmetric matrix A, [6]there
exist exactly n, possibly not distinct eigenvalues Aq,...\, and their associated
eigenvectors uq, ...ux where k < n are non-zero eigenvalues and x; is the coordinate

vector of u; such that

— \k T
A=) Ny
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Semidefinite Programming

Semidefinite programming is a relatively new field of optimization and is becom-
ing a tool for improving the performance guarantees of many problem. Some of
its application areas are operational research, convex constrained optimization,
combinatorial optimization, control theory etc. All linear programs as well as
strict quadratic programs can be represented as SDPs. One of the best example
of application of semidefinite programming is in MAXCUT problem done by Goe-
mans and Williamson [1]. They provided a .87856-approximation algorithm for

the problem. There are other interesting applications of SDP in various fields.

4.1 Semidefinite Programming

4.1.1 SDP Formulation

Let S,, denote the set of symmetric n x n matrices. Let X € S,, and C'is a constant
matrix for objective function. C'(X) is a linear function of X which is defined as
Frobenius inner product and denoted as:

C(X)=Tr(CX)=CeX =}, ciz; where C' = (¢;;) and X = ()

A semidefinite program Z with the objective function C'(X) and m linear equa-

tions that X must satisfy, can be formulated[2] [3] as :

33
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Minimize or Maximize ), ; ¢;jzy;

subject to Zw @ijkTij = by,
Tij = Tgg VZ,j
X =(25) =0

....oymmetry Constraint
....PSD Constraint

The variable z;; denotes the element of matrix X € R™*" Let us see an example,

we have n = 3, m = 3,

1 3 2 0
Ai=13 40 Ay =11
2 07 0
2 01 2
Az3=10 3 2 C=1| 3
1 27 7

by =17, = 15,03 =11

X will be 3 X 3 symmetric matrix
T11 Ti2 13

X = T21 T22 23

T31 T32 I33

Zi,j CijTij = 2%11 + 33?12 + 72613 + 3.CE21 + 811322 + OLE23 + 73331 + 0£E32 + 53333

= 21’11 + 6.2512 -+ 14$13 -+ 81'22 + OLE23 -+ 51’33

SDP: minimize 21’11 -+ 61'12 + 14.1'13 + 8£L'22 + 0.1'23 + 5.1'33

subject to
T11 + 6219 + 4213 + 4x9s + 0393 + Txgs = 17
Oxq11 + 2212 + 0213 + 4299 + 8xo3 + 3233 = 15
2x11 + 0212 + 2213 + 3299 + 493 + Tx33 = 11
Tij = Tji

T11 Ti2 T13
X = To1 T2z T23 =0

T31 T32 X33

=~ DN
w = O

S oo W
ot O
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4.2 SDP as Vector Programming

SDP is often experienced in the form of vector programs. Given a SDP, the
equivalent vector program will have the variables which are vectors v; € R", where
dim(n) is number of vectors.

In a vector program there is an objective function and constraints that are linear
in the inner product of these vectors. Typically we require that the vectors are

unit vectors. A vector program V is formulated as:

Minimize or Maximize ), ; ¢;;(v;.v;) (V)
subject to Z” a;k(v;vj) = by Yk
v; € R"

Lemma 4.1. The SDP (Z) and above given vector program (V') are equivalent/3].

Proof. Semidefinite programming and vector programming are considered to be
equivalent because from one form we get another one. This can be done by taking
the solution of semidefinite programming X € R™" X > 0 and computing X =
VTV for some column vector V' in polynomial time( Cholesky Decomposition[10]).
X = VTV can be solved in polynomial time with some small error that can be
ignored. Taking v;, i*" column of V is the solution for vector programs.
Therefore, x;; = v;.v; = v] v,

Similarly for given v; € R™ we can construct V and then X=V7V, which is solution
for SDP. O

Here is the vector program for the above example:
minimize 2v1.v7 4+ 6v1.v9 + 14v7.v3 + V.09 + 0vg.v3 + Hv3.V3
subject to

V1.1 + 60109 + 4vy.v3 + 4vs.v9 + QU053 + Tvg.v3 = 17

Ovy.v1 + 2v1.v9 + 0vy.v3 + 4ve.09 + 8vg.v3 + 3vs.v3 = 15
2v1.01 + Ovy.v9 4+ 207.v3 + 3v9.09 + 4v9.v3 + Tvz.v3 = 11

v; € R"
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Max-cut Problem

Given an undirected graph G(V, FE) having non negative weight on all edges
(1,7) € E, the maxcut problem can be defined as ”finding a partition of ver-
tices into two disjoint subsets (S,.S) such that sum of the weights of the edges

that crosses the cut is maximized.”

IP formulation:

. 1, ifieS
VieV xT; =
0, otherwise

1, if edge (i,j) crosses the cut

0, otherwise
max Z(i,j)GE WijZi5
subject to z;; < z; +x; V(i,j) € E
Zij S 2 — ([L‘Z +l']) V(l,j) ek
x; €{0,1} VieV
Zij € {07 1} V(Z,j) S
But this formulation doesn’t provides any better solution. If we find LP optimal

solution the integrality gap is still 1/2. So we need to reformulate it.

36
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Quadratic Programming Formulation:
The present formulation also represents the max-cut problem.
_ -1, ifie s
VieVy, =
1, otherwise

max 33 ep Wis(1 = yiy;)

subject to y;.y; =1 VieV
yi€—1,1 VeV

The above formulation represents the maxcut, but it’s NP Complete. We consider

further relaxation and try to apply vector programming relaxation.

Vector Programming Formulation:
Vector programming relaxations can be made by relaxing some of the constraints

and extending the objective function to the larger space i.e ,
max %Z(i,j)EE UJU<1 — ’UZ'.U]')

subject to v;.v; =1 VieV
v, E R YieV

The above obtained formulation gives all possible solution of previous OPT of
max-cut, therefore making it more general or extended version of max-cut. We
can say that the optimal solution obtained Z* > OPT [4] because if we set vec-
tors v; to (y;,0,.....,0), we can get the quadratic program from the above vector
program which is due to vector program being a generalization of the quadratic

program.

As the vector program is equivalent to SDP we can solve the problem. Goemans
and Williamson[1] have presented the solution for this with the expected value of
atleast 0.878 times of OPT. Here we are trying to reformulate it and try to solve

it using SDP and then present the Goemans and Williamson algorithm.
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5.0.1 Solving The Formulation

The quadratic formulation of problem statement can be reformulated as:
7 = % E(z’,j)eE wii (1 — viy;)
= 335 305 wig = 35, 305 wigyiy)
=15, D0 Wiy = D0, D0 WigYiy;)
= (5 (0 (wig))w? = 325 32, wigyiy)
= Yy" Diag(W.)y — y"Wy)

Let L = Diag(W,) = W

Also,
y!' Ly = trace(y’ Ly) = trace(y’ (Ly)) = trace(Lyy’) = trace(LX)
where X = yy?

Therefore the formulation 7 is:

max ttrace(LX)

subject to X; =1
rank(X) =1
X =0

The above formulation is equivalent to previous one(Z = 1(y"Ly)). As matrix
X is rank one constrained and using spectral theorem(Theorem 3.11) we can say
that for any such matrix X having rank 1 we have one and only one decompostion

i.e X = yy! as rank 1 matrix has only one eigenvalue. Therefore we can say
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Z = Ytrace(LX) <— 1 (y" Ly)

The above formulation has rank-1 constraint and can be termed as rank con-
strained form. By relaxing this rank constraint i.e removing it we obtain convex
problem infact the SDP. This SDP is the relaxation of the original problem, that

is, it is a new problem obtained by removing constraint. The SDP Z* is:

max jtrace(LX)

subject to X;; =1
X>0

Using any semidefinite algorithm, one can obtain for ¢ > 0, a solution of value
greater than Z* —e in time polynomial in the input size and logl/e. There are var-
ious algorithms to solve semidefinite programming like ellipsoid algorithm, interior

point algorithm and other polynomial time algorithms for convex programming.

5.0.2 Goemans-Williamson Algorithm

Goemans and Williamson in their paper gave rounding procedure for finding an
approximate solution to the max-cut problem. Following is the random hyperplane

rounding algorithm[5]:

e Solve the model Z. Let X* be the optimal solution.

e Compute the Cholesky Decomposition for X* i.e X* = VIV where v;,i =

1...n is normalized column of V.

e Rounding procedure:
Set S =10

— Uniformly generate a random vector r on the unit n-sphere.
— Fori=1..n,if vl.r >0thenic SelseicS.

— Find the weight after obtaining the cut.

The random vector r = (ry,7r2,..,7,), each component is picked from N(0,1),

the Normal Distribution with mean 0 and variance 1. The random unit vector
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FIGURE 5.1: Random Hyperplane Rounding[5]

is equivalent to the random hyperplane with normal r containing the origin. As
v;.v; = 1, therefore all the vectors lie in unit sphere. The random hyperplane splits
the sphere into two half S and S. This approximation algorithm has guaranteed
performance of 0.878; however the solution obtained by this algorithm is better

than 0.878 in many cases.

5.0.3 Analysis of the Algorithm
The GW Algorithm gives performance of 0.878. Practically it gives better than
this. Let us analyze the algorithm.
The expected value of the max-cut depends on the fact that any two vector should
have opposite sign. Let vy, v9,..,v, be the vectors, so the expected value of cut
depends on the probability that two vectors are separated by the random hyper-
plane.i.e.:

EW]= 3" jer Wij-Prl(vir = 0 and v;.r < 0) or (v;.r > 0 and v;.r < 0)]
Also we have,

Pr{(v;.r > 0 and v;.r < 0) or (vj.r > 0 and v;.r < 0)] = Pr{sgn(v;.r) # sgn(v;.r)]

By combining above two equations we get,

E[W]: Z(i,j)eE wij-PT[Sgn(Ui-T) #* sgn(vj.r)],
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Now let us find the probability.

Lemma 5.1. Prlsgn(v;.r) # sgn(v;.r)|=xarccos(v;.v;) > 0.8785(1 — v;.v;)

Proof. Assuming certain facts,

Fact 1: As r is uniform random vector over the unit sphere, the projection of r
onto a plane is uniformly distributed on a unit circle.

Fact 2: The projection of r onto two vectors are independent and normally dis-
tributed.

To compute the probability consider a plane containing vectors v;, v; having angle
0 between them. The random vector r has two components i.e r = ' + 7. ' is
the component of r that lies on the plane where as r; is orthogonal to the plane.
Therefore v;.r = v;.(r' + 1) = v;.r’" as vi.ry = 0.

- o
Similarly v;.r = v;.r".

FIGURE 5.2: Figure for proof[5]

From the figure 2 we get if r lies in the arc AOC or arc BOD then sgn(v;.r) #
sgn(v;.r). We can also find that the angle in both the arc is 6. As a result,

Prsgn(vi.r) # sgn(v.r)]=2

where 6§ = arccos(v;.v;)

Therefore,
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__arccos(v;.vj)

Pr(sgn(v;.r) # sgn(vj.r)|=
EW]=1 > i.jyer Wijarccos(v;.v;)

Also,

%arccos(vi vj)

———7° > ().878
%(1—’1}1‘.’%') -

MIN_1<z<1

=> %arccos(vi.vj) > 0.878%(1 — 0;.0)

i.e Prlsgn(v;.r) # sgn(v;.r)] > 0.8783(1 — v;.v;)

Lemma 5.2. E[W] > 0.878% Z(i’j)eE w;; (1 — v;.0;)
Proof. We expected value is:
EW] =3 jep wij-Prisgn(vi.r) # sgn(v;.r)]
=1 > (ijer Wijarccos(v;.v;)
> 0.8785 Y jyer Wi (1 — viv;)
= 0.878Zspp

> 0.878Zppr
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Conclusion

With the given prerequisites in the thesis for semidefinite programming, one can
understand the semidefinite programming. We have only given one example of
semidefinite programming used in combinatorial problem(Max-cut). Other combi-
natorial problems like MAX-2SAT|[1], k-colorability[4] etc. have also been studied
using semidefinite programming, providing better result than previous solutions.
Not many combinatorial problems have been studied till now but the field is still
in its growing phase for combinatorial problems.

One can have chances of finding better solutions for existing combinatorial prob-
lems using semidefinite programming. Also one can study to find out whether there
is any possiblity of having better complexity for existing solutions of semidefinite
programming or any other approach to solve problems in semidefinite program-
ming.

There lies lot of possibility in semidefinite programming for finding better approx-
imation algorithms for combinatorial problems. Hence it is important tool which

can be used in combinatorial optimizations.
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