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These notes assume that the reader is not totally unfamiliar with the notions of groups,
rings fields and vector spaces. The definitions are stated here only for fixing the notation and
exercises list out elementary facts which the reader is expected to know before proceeding
further. Standard facts about matrices and determinants will be used without explanation.

Notation

Let Z, Q, R and C denote the set of integers, rationals, reals and complex numbers respec-
tively. Let N = {0,1,2,..}. We will use the notation My (R), Mn(Q), Mu(C) to denote
the set of n x n matrices with real, rational and complex entries.

Groups, Rings Fields and Vector Spaces

Definition 1. A monoid (G, .) is a (non empty) set G together with an associative binary
operator “" on G having an identity element (denoted by 1 or sometimes e). If “. is
commutative, G will be called a commutative monoid. G s a group if in addition every
element in G has an inverse. A commutative group is called an Abelian group.

Exercise 1. Find the category to which (Z,+), (Z,.), (Q,+), (Q,.), (N,+), (N,.) belong to
where, “+" and “." represent standard addition and multiplication. What about (Q\{0},.)?
and (N'\{0},.)?

Example 1. (M,(X),+) for X € {Q,R or C } and “4" the standard matriz addition is
an Abelian group with zero matriz 0 as identity. (M, (X),.) for X € {Q,R and C} and “.”
the standard matriz multiplication is a (non-commutative) monoid with the n x n identity
matriz I, as identity. However the set GLy(X) consisting of non-singular n x n matrices
over X forms a (non-Abelian) group with respect to multiplication.

Definition 2. A set (R,+,.) with two operators is a ring (with unity) if (R,+) is an
Abelian group, (R, .) is a monoid and “." distributes over “+". A ring R is a commutative
if (R,.) is a commutative monoid. A commutative ring R is a field if (R \ {0},.) is an
Abelian group. Normally 0 and 1 are used to represent the additive and multiplicative
tdentities.

Exercise 2. Which among (Z,+,.), (N,+,.), (Q,+,.) are rings?. Which among them are
fields?

Example 2. (M,(R),+,.) is a non-commutative ring with unity (identity matriz I,,).



Vector Spaces

Definition 3. An Abelian group (V,+) is a vector space over a field F if there is scalar
multiplication function “.” from F x V to V satisfying (a + b)v = av + bv, a(bv) = (ab)v,
lv = v, a(v+w) = av + aw for all a,b € F and v,w € V. Normally we write V(F') to
denote a vector space V over field F'.

Example 3. R" over R or Q (but not C — why?) is a vector space with addition and
scalar multiplication defined in the standard way. So is C™ over R, Q or C.

Example 4. If F is any field, the set F™ consisting of n tuples over F is a vector space
over F' where multiplication of a vector with a scalar is defined (in the standard way) as
component-wise multiplication. My,(X) is a vector space over X for X € {Q,R,C}. In
general, if T is any set and F any field, then the set of functions from T to X (denoted
by XT) is a vector space over F with scalar multiplication defined in the standard way as
(af)(z) = af(x). The previous examples are special cases of this general case (how?).

Example 5. If F is a field, the set F[z] of polynomials with coefficients in F is a vector
space over F.

Subspaces

Definition 4. A subset V' of a vector space V(F) is called a subspace if V'(F) is a vector
space.

Example 6. Q(R) is a subspace of R(R).

Example 7. Consider F[x| consisting of polynomials with coefficients in F. Consider xF[x]
which are polynomials with no constant term. It is easy to see that xF[x] is a subspace of
F[z] over F. In general x may be replaced in this example with any g(x) € Flx].

Example 8. Consider R? the two dimensional Cartesian place. Any line through the origin
{(z,y) € R%: (ax+by = 0)} for any a,b € R is a subspace. This subspace consists of the line
through the origin perpendicular to the vector (a,b). The whole R? and the single point (0,0)
are trivial subspaces. In general, in R", the (hyper) plane through the origin perpendicular
to the vector (a1, as,...apn) will be the subspace defined by ayxy + agws + ... + apzy, = 0.

Example 9. The set of all n x n real matrices with determinant +1 denoted by SL,(R)
(called orthogonal matrices) is a subgroup of GL,(R) with respect to multiplication.

Exercise 3. Suppose V(F) is a vector space, show that V! CV is a subspace if and only if
for each v,w € V', av+bw € V' for any a,b € F.

Exercise 4. Let S = {v1,va, .0} be vectors in a vector space V(F). Define span(S) =
{a1v1 + agve + ... + @y, @ a1, a2, ..ay € F}. Show that span(S) is a subspace of V. Show
that a span of a non-zero vector (x,y,z) in R*(R) is a line through the origin. Show that
two points (x,y,z) and (',y', 2") spans a plane if and only if (0,0,0), (x,y, z) and (2, vy, 2")
are not on the same line.



Definition 5. A Set of vectors S is linearly dependent if there are distinct vectors vy, vs..., Un
i S and scalars ay,az, ...,a, n F, not all zero satisfying ajvi + asvs + ... + apv, = 0. We
follow the convention that () is linearly independent and {0} linearly dependent.

A set of vectors S is linearly dependent if S is not linearly independent. That is,
whenever ajv1 + agvs + ... + a,v=0 for distinct v, vs...,v, € S then a1 = ao = ... = a,, = 0.

Example 10. The vectors vy E] and vy B] are linearly dependent in R2 as 2u1 — vy = 0.

The vectors e; = [(1)] and ey = [ﬂ are linearly independent. In general

Example 11. In general, the vectors ey = [1,0,...,0]T, ea = [0,1,0,...,0]7 €,[0,0,...,1]7
are linearly independent in R™. Moreover, span({e1, e, ...,en}) = R".

Example 12. {1,z,22,...,2"...} forms a linearly independent set in vector space F|x] for
any field F'. The span of the set is the whole Fx].

Let S = {vy,v2,..vm} be vectors in a vector space V(F). Recall from Lecture 1 that
span(S) = {a1v1 + agve + ... + amvn, : a1, az,..a;y, € F} is a subspace of V. Span(S) is
essentially the set of vectors expressible as finite linear combinations of vectors in S. The
following lemma says that a set of vectors in linearly dependent if and only if one of the
vectors is the span of the remaining.

Lemma 1. A set of vectors vy, va, ..., vy in a vector space V (F') is linearly dependent if and
only if for some k < n, v € span(vi,ve, . Vx_1).

Proof. Let k be the smallest index such that vy, vg, ..v; are linearly dependent (why should
such k exist?). Then, there exist ay, ag, ..., ax such that ajv;+agva+...+aivr = 0. Moreover,
ar, # 0 (why?). Hence vy, = —(a1/ax)vi — (az/ag)va + ... — (ag—1/ar)vg—1. Converse is easy
(why?). O
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In this lecture we will develop some elementary theory about vector spaces. Let V(F)
be a vector space over field F'.

Definition 6. A set S of vectors in V(F) forms a basis for V if S is linearly independent
and span(S) =V.

Example 13. It is easy to see that vi = [z,y]T and vo = [2/,y'|T forms a basis of R?
whenever they do not fall on a line passing through the origin.

Lemma 2. If {x1,x9,....,x,} spans V and {y1,y2,..,ym} is a linearly independent set, the
m < n. That is, the size of the largest independent set cannot exceed the size of the smallest
spanning set for V. (whenever there exists a finite set of vectors that span V).

Proof. Since y,, € span{zi,x2,..., 2}, the set {ym,x1, 22, ..., 2y} is linearly dependent. By
previous lemma, there must be some x; such that z; € span{yn,z1,z2,..,z;—1}. Hence
we can eliminate x; from the set and {yp,, z1,x2, .., Ti—1, Tit1,...x,} Will be a spanning set.
Now we add y,,—1 to this set and remove another x;; from the resultant set and still get a
spanning set. If we continue this process, ;s cannot be finished before all y;s are added
for otherwise we will have yg, Yx+1, .-, Ym Will be a spanning set for some k¥ > 1 and this
will be contradiction as then y; will be in the span of yx, yx41, .-, Ym. Hence n > m. ]

We are ready to prove the main theorem:

Theorem 1. IfV has a finite basis, then any two basis of V' the same number of elements.
This number is called the dimension of V. V is said to be a finite

Proof. Let S and T be two (finite) basis for V. Since S is spanning and 7" linearly indepen-
dent, we have |S| > |T'| by lemma above. Since T is spanning and S linearly independent,
|T'| > |S|. Hence |S| = |T. O

Theorem 2. Let {vy,va,...,v,} be a basis for a FDVS V(F). Then for each v € V, there
exists unique ai,aso, ..., ay € F such that v = a1v1 + agvs + ... + anVn. a1, a9, ...,a, are called
the coordinates of v with respect to basis v, vs, ..., v,.

Proof. Clearly aq, ag, ..., a, must exist as {vy, va, ..., v, } spans V. Suppose v = ajv1 +agve +
e+ apvy = byvy + bove + ... + by, then (a3 — by)vy + (ag — b2)ve + ... + (ay, — by)v, = 0.
It follows from linear independence of {v1,ve,...,v,} that a; = b; for each i. O

To construct a basis for a FDVS V(F'), we can start with any vector vq, pick ve outside
span(vy), pick vg outside span(vi,v2) and so forth. The process must terminate in finite
number of steps as otherwise vy, va, ...v,, will be an infinite linearly independent set contra-
dicting the finite dimensionality of V. (why?). Similarly, if W is a subspace of V', we can
extend a basis of W to a basis of V exactly as above. (how?). Essentially we have proved
the following:



Theorem 3. FEvery finite dimensional vector space V(F) has a basis. Moreover, basis for
a subspace may be extended to a basis for V.

The facts that every vector space has a basis and that any two basis have the same
cardinality hold for arbitrary vector spaces - finite or infinite dimensional. However a study
of infinite dimensional spaces is beyond our present scope of discussion.

Definition 7. A map T from a vector space V(F') to another V'(F) (the field must be
the same) is a homomorphism (or a linear transformation) if T'(v + v') = T'(v) + T'(v')
and T'(av) = aT(v) for all v,v' € V and a € F. A bijective homomorphism is called an
isomorphism.

A isomorphism between two structures indicate that the two are identical except for a
re-naming of elements (via the map).

Definition 8. Let T be a linear transformation between two vector spaces V. and V'. The
image of the map T in V' is sometimes denoted by img(T). The kernel of the map denoted
by ker(T) is the collection of elements in V' that gets mapped to zero in V'.

Example 14. The map from R> to R defined by f(x,y,z) = x+y+2 is a linear transforma-

tion. The map from R? to itself which rotates each vector by 0 degrees is a homomorphism.

T cos —sinf
he action of the map on the point Lj is left multiplication by the matriz [sm& cosd }

Exercise 5. Find the kernel and image of the maps above. (The answer will depend on the
value of 0.)

Exercise 6. Let F' be any field and let o € F. The map ® from F[z] to F defined by
O(f) = f(a) is a homomorphism and is called the “evaluation map at a”. prove that map
is a vector space homomorphism. If F =R and o = 1, what is the kernel and image? What
if a =02 What if « = w? (Hint: For the last part, you need to know the fact that there is
no polynomial with real (in fact even complex) coefficients which has ™ as a root).

Exercise 7. Show that the kernel and image of linear transformations must be a subgroups
subspaces) of the respective spaces.

Exercise 8. Show that a linear is injective if and only if ker(f) = {0} (or identity element
for group homomorphisms). This is important as proving injectivity at zero suffices to prove
injectivity of the map.

Exercise 9. Let T be a bijective linear transformation (isomorphism) between vector spaces
V(F) and W(F'). Let by, ba,...,b, be a basis of V.. Show that T'(b1), T (b2), ..., T(by) is a basis
of W. In particular, dim(V) = dim(W).

Theorem 4. Rank(T) + Nullity(T) = dim(V') for any linear transformation T.
Proof. This proof is omitted. O

Exercise 10. Let « be a real number. Consider the map @, defined from R[z] to R defined
by ®,(f) = f(«). For various values of «, what can you say about ker(®,,) and img(P®,)?
What can you say about Rank(®y) and Nullity(®,) for various values of ® ¢

2-5



Exercise 11. Let by,bo,..,b, be a basis for V(F). Suppose T is a linear map from V to
W(F) of dimension m.. Show that for each choice of (not necessarily distinct vectors)
W1, W, ..., wy, 0 W and setting T'(b1) = wy,T(b2) = wa,...,T(by) = w, we get a distinct
linear transformation from V to W. Show that each linear transformation from V to W
corresponds to a unique assignment of values for T(b1),t(b2),...,T(b,) in W. This result is
often stated as “fixing the image of the basis fixes the linear map”.

Exercise 12. Let V(F) be a vector space of dimension. Let ey = [1,0,..,0]7, ey =
[0,1,...,0]7, e, = [0,0, ..., 1]T be the standard basis of the vector space F™. Let by,bs, .., by
be any basis for V(F). Define the map T(b1) = e1, T(b2) = ea,...,T(b,) = e,. Show that T
s an isomorphism. It follows that every vector space of dimension n over F is isomorphic
to F".

Direct Sums and Projections

Suppose U and W are subspaces of a vector space V(F'). We say V is a direct sum of
U and W (written V = U @& W if every vector v € V has a unique expression of the form
v=u+w for u € U and w € W. A linear transformation from a space V(F') to itself is
called a projection if P? = P. That is, P(P(v)) = P(v) for each v € V.

Exercise 13. Let vi,v9,...v, be a basis of V(F). Let U = span(vi,ve,..vx) and W =
span(Vi41, Vgt2, -..Upn), then show that V.=U & W.

Exercise 14. If P is a projection, show that I — P defined by (I — P)(v) = v — P(v) for
allv € V is a projection.

Exercise 15. If P is a projection, show that V = ker(P) ® Img(P).

Exercise 16. If V =U®W. Then, for each vector v € V can be written uniquely as u+w
with u € U and w € W. Show that the map P(u+ w) = u is a projection. Show that the
map P'(u+ w) = w is also a projection and satisfies P' =1 — P.

Exercise 17. For what values of t can we say that R? is a direct sum of points on the line
x+y=0 and x —ty = 0% Define the corresponding projection maps.
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Matrices

Let V(F) have basis by, bs,...,b, and W(F') have basis c1,ca,...,¢n. Let T be a linear
transformation from V' to W. Let T(b1) = ajic1 + ajaca + ... + a1mCn. In dot prod-
uct notation we write T(b1) = [c1, o, ..., cm)[a11, @12, ..., a1my)T . Similarly, let T(by) =
[c1, €2, oy Cml[a21, @22, ...y G2 T ..o, T'(by) = [c1, €2, ovs e[, G2, ooy Grn) T -

Let v = x1,b1 + xabo + ... + xpby,. for some scalars x1, s, ..,z,. By linearity of T,
T(w) = x1T(b1) + 22T (b2) + ... + ,T(by) = [T(b1), T(ba), ..., T(bp)][x1, T2, ..., )T in dot
product notation.

Noting that in dot product notation T'(b;) = [c1, C2, ..., €m][@i1, @iz, -, Gim] T, We have in
matrix notation:

x1 ailr a1 ... Qpi 1
X a a a X
[T®) o TO)] |77 =[] |77 I e
Tn lm G2m .- Adnpm Tn

Suppose [y1,Y2, ..., Ym| are the coordinates of T'(v) with respect to basis c1,ca, ..., Cm,
then we have the relation:

Y1 ail agr ... Qpl X1 ail  asy ... Qapl
a a a X . a a a

Y2 _ 12 22 n2 2  Thus the matrix A — 12 22 n2

Ym 1m  A2m .-« OGnm Tn Alm  A2m  ---  Qpm

is called the matrix of the linear transformation with respect to basis by, bo,...,b, and
c1,Co, .., Cym. Conversely, it is easy to see that any m x n matrix will define a linear trans-
formation for the basis of particular choice. Thus we see a correspondence between m x n
matrices over the field F' and linear transformations from V to W.

We have already seen that any n dimensional vector space over F' is isomorphic to
F". Hence, once we fix a basis for V. and W, vectors from V correspond to elements in
F™, vectors in W correspond to elements in F'™ and linear transformation from V to W
correspond to m X n matrices over F'. This correspondence draws matrices into the study
of linear transformations.

In these lectures, we will be specific to the following special class of linear transforma-
tions.

Definition 9. A (linear) operator on a vector space V(F') is a linear transformation
from V to itself.

Once a(ny) basis for an n dimensional vector space V is fixed, each linear operator on
V' corresponds to a n X n square matrix. Thus, the set of operators on an n dimensional
space V' corresponds precisely to M, (F).



Exercise 18. Let by, ba, ..., b, be a basis for V(F'). Show that an operator T on'V is bijective
if and only if T is injective if and only if T(b1),T(b2),..., T (by) are linearly independent.
Note that a linear transformation T is invertible if and only if T is bijective. Show that
T—1 is also a linear operator from V to V. (why?).

Let by, ba, ..., b, be a basis of V(F'). We have already seen that the map f:V — F"
defined by f(b1) = e1,..., f(by) = e, is an isomorphism. With this identification, a vector
v = x1b1 + mabay + ... + x,b, may be identified with [z, x9, ...,xn]T € F™ Now, let T be
an operator in V. Then the matrix A of the map has coordinate vectors corresponding to
T(e1),T(e2),...T(e1) as columns (with our identification of e; with b;). In view of the above
exercise, we see that T is invertible if and only if the columns of T" are linearly independent.
This in turn happens if and only if the space spanned by the columns of T is the whole of
V' (why?). This observation motivates the following definition:

Definition 10. Let A € F™™ be an n x n matriz. ColumnSpan(A) is defined as the
subsace spanned by the columns of A. RowSpan(A) is defined as the subspace spanned by

the rows of A. The dimensions of the column and row space are called RowRank(A) and
ColumnRank(A) of A.

It follows from the previous discussion that an n x n matrix A over a field I is invertible
if and only if ColumnSpan(A) = F™. Since we A is invertible if and only if det(A) # 0, we
have a correspondance between bijective linear operators and matrices in GL,(F).

Corollary 1. T : V. — V s bijective (invertible) if and only if the matriz of T (with
respect to any basis by, ba, .., by ) is non-singular.

Basis Transformations

We study the effect of basis change on the coordinates of a vector. The matrix of an operator
also changes when basis changes.

Let B = by, by, ....;b, and C = ¢, ¢9,...,¢, be two basis for V(F'). Suppose we know
the coordinates of vectors in S’ wrt. those in S. i.e., let ¢; = a11b1 + aq19bs + ... + a1pbp,
Cco = a1b] + aogbs + ... + aopby,..., ¢y = ap1br + apsbe + ... + anpb,. In matrix notation,

Qi 21 ... Qg
[c1,¢2, .y = [b1, b2y ..., bp]@Q Where, Q = @12 Q22 e Qo2
Qlp  Q2p ... Qpp
Since basis transformation is an isomorphism, () must be invertible (why?). Thus we
have [b1,bs,..,b,] = Q7 Yc1,ca,...,cn]. Suppose now v = x1by + xobs + ... + x,b, be a

vector with coordinates [z1,x2, ...,xn]T with respect to basis B. What will be the co-
ordinates of v with respect to basis C?7 That is, we want to find out [yi,y2,...,yn] €
F" such that v = [c1,¢2, . Cal[y1, Y2, s Yn)T. But v = [by,ba, ..., bn][x1, 72, ... 2p)T =
[c1, €2, oy cn|Q w1, 22, ..., )T . Hence we have [y1, y2, ..., yn]?T = Q Lz, 22, ..., 2,]7 giving
the required relation between coordinate vectors. @ is called the matrix of basis change
from B to C.



Example 15. In R2, let v have coordinates [1,1]7 w.r.t. the standard basis. To find its

coordinates w.r.t. basis ¢ = [171]T and co = [1’0]T’ we can see that [c1,ca] = [e1,€2]Q
where Q = B (1)] Thus the new coordinates will be Q™! [ﬂ )

Now we take up the effect of basis change on the matrix of a linear operator on a
FDVS. Let B = {b1,b2,...,b,} and C = {c1, 2, ..., cp } be two basis for an FDVS V(F). Let
[c1, €2, ..., cn) = [b1,b2,....,0,]Q. Let A be the matrix of a linear operator with respect to
basis B. Let v be a vector in V whose coordinate vector w.r.t. basis B is x = [z, 22, .., 2] .
It follows that the coordinates of v w.r.t. basis C will be Q'x.

Since A is the matrix of T w.r.t. basis B, coordinate vector of T'(v) w.r.t. basis B will
be Az. Hence the coordinate vector for T'(v) w.r.t. basis C' will be Q! Az,

Let A’ be the matrix of T w.r.t. basis C. As v has coordinates Q 'z w.r.t. C and
T (v) has coordinates Q™' Az w.r.t. C, action of A’ on Q™ 'z must give Q' Az. That is, we
must have A'Q 'z = Q' Ax. Hence we have A’z = Q' AQz. Since this must hold for all
x € F™ as v was chosen arbitrary, we have A’ = Q7' AQ as the matrix of T for the basis C.

Example 16. T be the linear operator in R? such that T/ [(1)}) = [ﬂ T( [ﬂ) = [(1)] The

matriz of T w.r.t. the standard basis is E ﬂ If we change the basis to {E] , [ﬂ} then

10

the matriz of basis change Q = [1 1

} Hence the matrix of T w.r.t this basis will be
120
-1 —
RTAQ {0 1]

Exercise 19. Consider the operator T in R® given by T'(e1) = e1, T(e2) = e1+e2, T(e3) =
e1 + es + e3. What is the matriz of this map w.r.t. the basis by = e1 + ea, by = €2 + e3 and
bs = e1 + es. (Hint, work with the relationship between the basis vectors directly instead of
going for matriz manipulation and note that coordinate vectors of T'(b1), T'(b2) and T'(b3)
in the basis {b1,ba,bs} forms the columns of the matriz to be computed).

Exercise 20. Consider the set F,[x]| consisting of all polynomials of degree less than n
over a field F. Let oy, s, ...,an be elements in F. Consider the map T(p(x)) = p(aq) +
plag)x + ..., +plan)z™ in F,[z]. What is the matriz of the map with respect to the basis
{1, 2,22, ...,2"} 2 This matriz is called a Vandermone’s matriz. Find the expression for the
determinant of the matriz and show that the map is invertible if and only if aq, as, ..., ay
are distinct elements in F'. This means that interpolation of a degree n — 1 polynomial is
possible only if evaluation at n distinct points are given. Moreover interpolation problem
reduces to matrix inversion.



